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Chapter I

INTRODUCTION

Glass fiber reinforced epoxy is an effecient structural material,

coupling high strength with light weight. This favorable strength-

weight ratio makes the material attractive for some flight structures

as well as other machines and structures where weight is an important

consideration. In recent years the material has undergone considerable

development, and it has experienced a moderate amount of use for some

components. Presently, its use is hampered by the difficulty in

predicting the material's behavior under loads which approach the breaking

load. Whereas many materials exhibit near-linear behavior up to failure,

glass-epoxy laminates typically exhibit a considerable amount of nonlinear

deformation prior to gross fracture. Zones of increasing material damage

occur in the form of crazing, ply cracking, and ply delamination. In

some applications, efficient use of the material requires employing the

material at stress levels well into the nonlinear portion of the laminate's

stress-strain curve. Questions then arise relative to a precise definition .

of exactly what constitutes failure, the form of the stress distribution -

around notches and holes, and the laminate's stress-strain response in the

post-crazing region.
V

These questions provided the impetus for this research. The overall -

purpose of the work was to obtain information that would contribute to

rational methods of strength predictions and design of glass-epoxies.

V
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investigation of glass-epoxy laminates was undertaken. The specific

objectives were to determine the appropriate stress-strain behavior

for various glass-epoxy laminates, develop a finite element computer

model for determining the stress distribution around stress raisers,

such as notches and holes, and determine ways to apply these results

to the failure mechanisms to predict the strength of laminated glass-

epoxy structures.

A specific material, Scotchply XP-250, was selected as a test - "

* material. This material was characterized with respect to its ply

, properties in tension, compression and shear. For verification of

prediction methods, three angle ply laminates--[±30]s, [±45]s, and "

[±60] s--and one quasi-isotropic laminate, [0/+45/90]s, were tested

in tension. Finally, the [0/t45/90] laminate containing a hole
s

was tested to failure. These tests were compared to the finite U

element results.

The finite element program contains a doubly-curved, thick-shell,

isoparametric element. The program will predict the stress distribution S

in both thick and thin plates and shells loaded transversely or inplane.

The shape of the crazed or yielded region around stress raisers can

be mapped and the change, with increasing load, in the shape and size

of this damage zone can be determined on up to complete failure.

U
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Chapter II.

MATERIAL CHARACTERIZATION TESTS

2.1 Introduction

The material chosen for this work is known as Scotchply XP-250

manufactured by the 3M Company. It is a high-strength, moldable, epoxy-
. -V

glass prepreg. For the present tests it was obtained in unidirectional

cured sheet form, having either 8 or 14 plys. The nominal ply thickness

is 0.009 inch and the fiber volume ratio is about 50 percent.

To obtain lamina characterization of the material, five types of

unidirectional tests were run. Tension tests at 0 and 90 degrees to the

fiber direction were used to determine the stiffness properties E

T T T T
E22 and v together with the ultimate strengths X1 and X2  parallel

and transverse to the fiber direction. Shear tests were used to determine

the shear stiffness G and ultimate shear strength S12. Compression
1212

tests were used to find the compressive stiffness properties 
Ec E c,

11122

and c12 together with the compressive ultimate strengths Xlc and X2c

Specimens for all tests were cut oversize (1/16 to 1/8 inch) with

a band saw. Final dimensions were obtained by grinding, with water flowing

over the cutting area. All specimens were instrumented with 350-ohm

strain gages. Because of the small gage section, 1/16-inch-long tee

rosettes were used on the compression specimens. Gages 1/4 inch long were - -

used on all other specimens. All tests were conducted at room temperature •

of about 70OF and room humidity of about 50 percent.

i
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All specimens were tested in an Instron testing machine using a

fixed cross-head speed. The Instron machine chart-recorded load versus

time. Strain data were recorded by the use of a four-channel strain

gage signal conditioner together with two two-channel strip chart recorders.

Figure 1 shows the test set up. The load-time and strain-time curves

are digitized by use of a Tektronics 4051 Computer Graphics System. A

pen is moved along the load-time curve taking load readings at certain

time intervals. The pen is then moved along the strain-curve, reading

strain values at the same time intervals as for the load curve. The

Tektronics computer was programmed to construct stress-strain curves from

these data and to compute the required stiffness parameters.

2.2 Tension Tests

Five tension tests were conducted on 8-ply unidirectional specimens

loaded at 0 degrees to the fiber direction. Specimen dimensions were

fixed by the ASTM standards, reference 1. The specimens were 9 inches

long and 0.5 inch wide equipped with 1.5-inch-long load tabs made from

printed circuit board material. Tabs were attached before final machining

with Eastman 910 cement. Specimens were equipped with longitudinal and

transverse strain gages. Cross-head speed was 0.05 inch/minute. A

typical stress-strain curve is shown in Figure 2. The elastic modulus

TE was determined from a first-order least squares curve fit of only the

initial points on the stress-strain curve.

The failed O-degree specimens are shown in Figure 3 and the test

results are summarized in Table 1. The desired "shaving brush" failure is

exhibited by specimens 2 and 5 and by specimen 3, although somewhat

imperfectly. Note from Table 1 the resulting high ultimate stress for

specimens 2 and 5. Tab bond failureoccurred on specimen 1, possibly

V
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depressing its measured ultimate strength. Ultimate strength was not

obtained from specimen 4 because a strain gage was broken prior to the

ultimate load and the test was stopped to investigate. The specimen

- was broken later. The average values for the elastic modulus and

ultimate strength of 5.64 x 10 psi and 134 ksi respectively agree

well with the values of 5.70 x 106 psi and 130 ksi published by the

3M Company, reference 2.

Five unidirectional tensile tests were conducted at 90 degrees

to the fiber direction. The specimen dimensions were the same as for

the O-degree tests except for the width which was 1.000 inch instead

of 0.500 inch, in accordance with ASTM. A typical stress-strain curve

is shown in Figure 4. The five failed specimens are shown in Figure 5,

and the test results are summarized in Table 2. The specimens 6, 7, and

10 exhibit the desired type of failure, i.e. away from the end tabs.

The failure stress, however, of specimen 9, which failed at the tabs, was

the highest of all and the failure stress of specimen 11, which also failed

at the tabs, was among the highest. This suggests that for 90-degree

specimens, failure near the tabs causes no serious error in the measured

ultimate stress.
T 21 12 221

Poisson's ratio21 was calculated from v = v E /EI. For

comparison the measured value of v is shown. The difference in the two--

0.078 measured as compared to 0.092 calculated-- is not surprising,

considering that the measured values are obtained from a very small *

transverse strain. Even a small error in this strain would account for

the difference in the measured and calculated values. From Table 2 it

can be seen that the material has an elastic modulus of E 1.74 x 106
22

* psi and fails at an ultimate stress of 7.55 ksi.
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2.3 Shear Tests

In determining lamina shear properties, the three-rail fixture

was used. Shear testing has been the subject of considerable controversy

and a number of fixtures or specimens have been used, including the

±45-degree specimen (see references 3 and 4), the 10-degree off-axis

specimen (see references 5 and 6), and the two-and three-rail fixtures.

Currently the two- and three-rail fixtures are being considered by ASTM

Committee D-30 as standard fixtures for finding inplane shear properties.

Figure 6 shows two views of the three-rail specimen. The test

plate is clamped between stationary rails on the edges while a third rail,

clamping the plate at the center, is pushed down by the test machine,

loading the specimen in shear parallel to the fibers. Two strain gages

are attached to the specimen at 45 degrees to the fiber direction. From

the strain transformation equations the normal strain £45 at 45 degrees

is related to the shearing strain yI2 referred to the material's axis by .

X2 2 5 (1) "

The shearing stress T12 between the rails is assumed to be uniform

throughout the specimen length from top to bottom. So assumed,

the shearing stress is given by

P
12 - 2bh (2) -

where P is the load, b is the specimen shear length, which was 6 inches,

and h is the plate thickness. It is apparent that, while this expression

may be accurate, it is not exact since the shearing stress must go to -

zero at the top and bottom free edges of the plate. Because of this,

the accuracy of the average stress, Equation (2), has been questioned,

especially for laminates with angle plys. A Fourier series solution by

,
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Whitney et al [7] indicated that for a [I 45] s laminate the shear

stress near the edge increased from zero to a peak value 50 percent S

greater than the average at a distance of only one-tenth the plate

length from the edge. A recent finite element solution by Bergner

[8], however, disagrees with this. This is shown in Figure 7, taken -

from [8]. Bergner's results indicate that the average shear distribution

is indeed an accurate estimate of the actual shear stress distribution.

The present finite element computer results (see Chapter IV) are also S

shown on Figure 7. The present finite elements results are slightly

lower than Bergner's but they essentially show that a condition of

uniform shearing stress exists along the length of the three-rail fixture. " -

For the three-rail fixture two equal test sections exist on either

side of the middle rail. Thus to fully utilize the specimen, strain

gages are placed on both sides and strain data are recorded from both. S

The three-rail specimens must be used with care. The rails hold the

specimen by clamping friction rather than by bearing on the bolts. In

fact, the rails have emery cloth bonded to them and the rail bolts are

*torqued to 70 ft-lbs to prevent slipping. The holes in the test plate

* are considerably larger than the bolts-- 1/2 inch as compared to 3/8

inch for the bolts. As a consequence, it is possible to assemble the 9

specimen and fixture with considerable misalignment, with the middle

rail tilted from vertical, say. This would destroy the assumed equality

of the test sections on each side of the middle rail, compounded by the

fact that the load head would now push down at the top on one side of

the middle rail rather than at the rail's center. To alleviate this

problem, cylindrical spacers with diameters equal to the width of the

test section were used to align the rails during bolt-up. These spacers

U

1



. ..8

are visible in the top picture of Figure 6. To further decrease

misalignment the top of the center rail was machined so as to

leave only a small area 1/2 inch in diameter for the load head to

push against.

Four specimens were tested, yielding eight sets of data. The

failed specimens are shown in Figure 8 and the test results are

summarized in Table 3. The average lamina shear modulus, GI2' was

0.68 x 106 psi and the ultimate shear stress, S 12 was 7.23 ksi. The

shear stress-strain curves exhibited considerable nonlinearity. For

predicting laminate behavior it was decided that use would be made

of the full stress-strain curve rather than just the initial slope. To " S

permit this, all the shear data were plotted and fitted with a second

order least-squares curve, Figure 9. This curve now becomes the master

shear curve for use in the laminate programs. l.."

2.4 Compression Tests

Compression testing was carried out using a fixture similar to the

IITRI compression fixture, reference [9]. Two views of the fixture

are shown in Figure 10. An exploded view drawing is shown in Figure 11.

While the IITRI fixture was discussed in reference [9] no dimensions

were given, and so the fixture has been re-designed here. It was built

in-house requiring 283 man-hours of shop time. The fixture was built

from cold-rolled steel. The two main parts of the fixture are guided

together by two rods 0.750 inch in diameter which fit into linear bearings

in the upper half. The specimen is gripped by wedges which are bolted

to the specimen prior to the test. The wedge angle is 11 degrees. The

sloping surfaces of the wedges were lubricated prior to testing to

increase the wedging action. The wedges were 2.500 inches in length and
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1.500 inches in width. They were slotted on the straight side to

receive the tabbed test specimen. These slots were given gripping

"teeth" by punching the slot surface numerous times with an impact

punch.

Specimens were prepared for testing at both 0 and 90 degrees to

the fiber direction. The dimensions of both types of specimens were

the same. To minimize buckling the specimens were 14 plys thick. The

specimens were 0.25 inch wide and 5.5 inches long, equipped with crossply

end tabs 2.50 inches long. This leaves a gage section which measures

only 0.5 inch by 0.25 inch--a small area for a strain rosette. Specimen

dimensions are shown in Figure 12. A photograph of a specimen instrumented

with strain rosettes and lead wires on both sides is shown in Figure 13.

The compression fixture was checked by conducting a test on a 2024-T4

aluminum specimen. The same specimen was then used in a tension test

and the stress-strain curves for tension and compression were compared. , .

For the compression test the longitudinal strain was monitored on both

sides of the specimen to assess the degree of bending. The load-time

curve and the two longitudinal strain-time curves are shown together in

Figure 14. At point A it appears that minute grip adjustment occurreu

so that the two strain curves abruptly crossed, one increasing while the

other decreased with no change in load. This suggests that one of the

tabs on one side of the specimen slipped slightly while its opposing

neighbor held firm. This would introduce bending into the specimen

even without fixture misalignment. The strain on either side deviated

from the average strain by about 6 percent. The "flat spot" on the load-

time curve at B does not indicate grip slippage or tab failure but

instead results from crosshead backlash when the testing machine is loaded
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in compression.

The average compressive strain was used to construct the stress-

strain curve shown in Figure 15. That figure also contains the

tensile stress-strain curve. Aluminum is known to possess very

nearly the same stress-strain behavior in tension as compression.

Thus friction in the compression fixture would result in a stress-

strain curve whose slope is too steep and the measured value of E

would be larger than that for tension. The good comparison shown -

in Figure 15 means this does not happen, indicating that friction in

the compression fixture is negligible. The gripping problem reflected

by point A in Figure 14, however, is a source of error which can

affect the measured values of E if the strain is monitored on only one

side of the specimen. Moreover, any induced bending will tend to

depress the measured values of the compressive ultimate strength.

Six compression tests were run on 0-degree specimens. The

failed specimens are shown in Figure 16. A sample stress-strain

curve is shown in Figure 17. In that test--test 17--as well as two

other tests, strain gages were mounted on both sides of the specimen.

The longitudinal strain from both sides is shown in Figure 17. They

are not quite the same, as ideally would be the case if no bending

c
or buckling were present. The two values of E obtained from both

6 6strains are 6.39 x 10 psi and 5.73 x 10 psi. This was the highest

difference in E obtained from the three specimens instrumented on

both sides. A summary of the O-degree test results is shown in

Table 4. For test 18 the values obtained for E are 5.35 x 106 psi

6c 611and 5.88 X 10 6 psi and for test 19 both values for El11l are 5.97 x 10 6 psi.

The strains from opposite sides of a specimen usually agreed fairly well

w



until some type of failure (perhaps fibers breaking) began to occur.

This initial failure, marked by audible noise and a small drop in the - .

load, usually occurred near two-thirds of the ultimate load. After

this initial damage or failure had occurred symmetry was lost. The

strain suddenly increased in a step fashion on one side of the specimen

while suddenly decreasing on the other side, indicating a sudden

application of bending strain. It may be that failure of a bundle of

fibers on one side of the specimen causes a load eccentricity on

the remaining effective net section, hence bending must occur.

Minute uneven slippage of the tabs in the grips as already discussed

could cause the same behavior. Too, it must be remembered that the

gage section is short and that failure sometimes initiated underneath

a gage, which could cause erratic gage behavior. In any case, the

data obtained after the initial failure--a sudden decrease in load

accompanied by a sudden increase or decrease or both in strain--must

be viewed with suspicion, since the assumed symmetry of the test is

lost at that point. For this reason the measured ultimate strains P

were not recorded in Table 4. The average measured value of E c1

6 .T 1
was 5.87 x 10 psi, slightly higher than the value of EliT , which

6was 5.64 x 10 psi. Poisson's ratio, too, was slightly higher in

compression than tension--0.317 as compared to the tensile value

of 0.299.

Five compression tests were run on 90-degree specimens. The

failed specimens are shown in Figure 18. A sample stress-strain curve

is shown in Figure 19, and results are summarized in Table 5. More

than for any other tests, the 90-degree compressive stress-strain

U-
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curves exhibited an early nonlinearity. Considering this, a secant

definition of E 22c might be appropriate, however, for the sake of - 2
consistency with the other tests, the slope of the initial portion

of the curve was used for E c This made the determination of E 22oftecrewsue o 22 22,
cI

difficult, since for this method, E2 2  depends strongly upon the

first few points of the curve. This accounts for some of the variation

in E2C shown in Table 5. Bending, however, was a problem; test 28,
22

monitored with gages on both sides, exhibited considerable bending
c

as can be noted from two considerably different values of E for
22

that test.

2.5 Summary of Material Properties

For handy reference, the various lamina properties determined

from the characterization tests for the XP-250 material are

summarized below:

T 6 .T

E = 5.64 x 10 psi el 24,000 Iji:
11

E2 2T = 1.74 x 106 psi xc 112 ksi -

T Tv = 0.299 X = 7.55 ksiv12 2 :

GI2 = 0.680 x 106 psi e2
T  = 4,760 lE

E11 c = 5.87 x 106 psi X2c = 25.0 ksi

Ec 2.12 x 106 e c 18,600 e-E22 2

c 0.317 = 7.23 ksi
012 12 k.i

T
X = 134 ksi e1 2 =19,700 IE



- - ----- - . .. . ...... -

Chapter III.

POST-CRAZING CHARACTERIZATION OF

GLASS-EPOXY LAMINATES

3.1 Introduction

A laminate contains a number of laminae (plys) oriented at

various angles to the primary load direction. For loads limited to

the linear range, given the lamina properties the usual lamination

theory [10] gives accurate estimates of the overall stiffnoss and

compliance of a given laminate. With increasing loads, however,

certain plys within the laminate begin to fail by matrix cracking and

splitting between the fibers. In glass epoxies the onset i atrix

cracking gives the laminate a hazy, milky, light-colored appearance,

sometimes referred to as crazing. Beyond the onset of crazing the
r :g

laminate compliance increases with increasing load; the crazing area

in a ply grows and may extend to plys of other angles before the

ultimate laminate load is reached. Depending upon the laminate's

layup, the onset of crazing may occur at loads which are rather low

compared to the laminate's ultimate load. For many structural

applications the laminate's reserve strength beyond crazing may safely
* 0

be utlized. For confident design in much cases it is important to have

knowledge of the post-crazing stress-strain response of the laminate.

Efforts at forming a lamination theory of failure have generally
, S

been only moderately successful. The usual approach is to numerically

apply the laminate stress or strain in increments. After each load

.
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increment some selected failure theory is applied to each ply. The

load increments are continued until a ply fails, after which the

stiffness of that ply is modified to reflect its reduced load

carrying capacity. This reduced ply stiffness is then used to

assemble the overall laminate stiffness and the load increments '

are continued until other plys fail, after which their stiffnesses

are also reduced. This process is continued until, by some definition,

enough plys have failed to constitute laminate failure. This approach

has been lucidly discussed by Rowlands [11] in the proceedings from

a ASME Symposium on inelastic behavior of composite materials (see

also the Rowlands report [12]); papers by Sandhu [13], Hahn and Tsai [14]

and Chow et al [15, 16] illustrate aspects of this approach. While

this approach is conceptionally clear and logically sound, in its

application a number of problems must be resolved. In the first

place, a ply may fail in a number of modes--e.g. splitting or crushing

of the matrix between the fibers due to large transverse tension or

compression, fiber failure in tension or compression, etc. How should

the failed ply's various stiffness constants be modified for each mode

of failure? In other words, how does the ply unload after its failure.

Evidence indicates that in situ ply strength and post-failure stiffness 6

properties may vary considerably from those of a unidirectional test

coupon [17]. Futhermore, a uniform definition of laminate failure,

applicable to a number of layups, is lacking. In some cases laminate

failure is assumed to occur once fiber failure (as distinct from matrix

failure) has occurred in two or more plys. This definition may be

adequate for, say, a [0/t 45], layup but totally inappropriate for an w

angle ply layup of, say, [t 45] s . In other instants laminate failure

5I

V
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is assumed to occur once the modified laminate stiffness become

singular. Each definition may apply, albeit, each to a different class

of layups.

The above method of laminate behavior prediction--here loosely I
referred to as Rowland's method although a number of researchers have

used it--is investigated in detail in the following. The method is

assessed by applying it to a number of materials--graphite-epoxy,

boron epoxy and glass-epoxy--having various layups. Biaxial

failure response of several glass epoxies is illustrated.

3.2 Failure Theories

A number of failure theories are available for predicting ply

failure. An exhaustive review of failure theories for anisotropic

materials was provided by Sandhu [18]; Rowlands [11] also discussed

several. Only two were considered in the present work: the Hill

theory [19] and the Tsai-Wu theory [20].

For an orthotropic ply in plane stress the Hill theory takes

the form,

2 2 2
al a1y2 a2 T12

(X)2  + (3)

1 1 2 12

where X and X are the uniaxial strengths parallel and transverse to
1 2

the fibers and S is the ply shear strengths. The Hill theory does
12

T T
not distinguish between the tensile strengths X1 , X2 and the compressive

, X c

strengths xI 2 . Some writers have made this distinction by using

X1c when l is negative and X1T when a is positive and similarly for

U2 •
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The Tsai-Wu failure criterion accounts for both tensile and

compressive strengths. In addition to quadratic terms it contains - 3

linear terms which distinguishes between negative and positive stresses.

For plane stress conditions the criterion is expressed as,

2 2 2 -Fl a F2 + F61 + F a + F G + 2F ll C+ F T i (4)
1 1 2 2 6 12 11 1 22 2 12 12 66 12

where

F, X1T  X c  2 x2T x2C F6 S12+ S1
1 1 1 1 1 1

1 T ; F 2 2 T c 6 -
x x x x S
1 1 2 2 12 12

T cAs before X1  X are the ply longitudinal tensile and compressive

T cstrengths and X2T, X 2 are the ply transverse tensile and compressive V

12 and are the ply strengths in positive and negative

inplane shear. For most composite materials S 2= S 12 S12 so that

F6 = 0. The interaction term FI2 cannot be expressed in terms of the 0

unaxial strength properties, but must instead be determined from biaxial

tests. Since the accuracy of F2 is sensitive to the type of test used

to find it, accurate values of F are difficult to obtain. Certain 9
12

stability conditions limit the range of F such that F F F > 0.
12 11 22 12

For a glass-epoxy material having the properties

T c . . .
X1  = 154 ksi X1  = 88.5 ksi

X2T = 4.56 ksi X c = 17.04 ksi
2 2

S12 9.00 ksi (5)

12B
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the limiting values of F become,
12

FI = _ FIIF22 + 9.717 x 10-10 in 4/lb 2  (6)
12 11 22 -- 1 4 2(6

For a unidirectional off-axis tension coupon the value of F has little
12

effect on the predicted strength as shown in Figure 20. For that case -

the Tsai-Wu theory predicts about the same strength whether FI2 = 0,

F + 'FIIF2 or F - /F2 For this reason the off-axis test
12 11 22 12 11 22

is known to be an unsatisfactory test for finding F1 2 [21, 22]. Since -

the influence of FI2 for the off-axis test is small the suggestion is

that F1 2 may be set equal to zero without losing accuracy. This has been

common practice for graphite-epoxy and will be adopted here for glass- r "

epoxy as well. Figure 20 also contains a strength prediction based

on the Hill theory. The Hill theory prediction agrees well the Tsai-Wu

prediction for the off-axis coupon.

For angle ply test coupons the Hill and Tsai-Wu theories are

compared again in Figure 21. The value of F1 2 which gives the best

comparison iwth the Hill theory is F = /FIIF22. In the region, "

00 > a > 350, the Hill theory predicts a significantly lower failure load

than does the Tsai-Wu theory. Beyond 350 the two agree fairly well.

The value of FI2 which agreed best with the Hill prediction was •

F - 9.717 x 10
-10

The Tsai-Wu failure theory, because of its generality and because

it provides for a difference in tensile and compressive strengths was S

selected for the following work.

,

0



- -18

3.3 Failure Surfaces for Glass-Epoxy Laminates

To illustrate the failure response to biaxial stress, the failure .. -

surfaces of several glass-epoxy laminates are shown in Figures 22 thru

25. The failure strengths were predicted for various values of the

stress ratio a / using the Tsai-Wu failure theory. The failure behavior
x y

of a [±45] s angle-ply laminate is shown in Figure 22. The failure

surface is seen to be an ellipse. This is as expected since the Tsai-Wu

failure theory applied to an orthotropic lamina in two-dimensional stress . - -

space is an ellipse and since the [t 45] laminate is essentially an
5

orthotropic plate. The laminate's strength for hydrostatic compression,

the third quadrant, is great compared to its strength for hydrostatic IV

tension, the first quadrant. In general the laminate's predicted strength

is great for negative applied stresses. The failure surface of a [±35] s

laminate is shown in Figure 23. This laminate is stronger along the ,

x-direction than the y-direction and thus the long axis of the failure

surface is skewed toward the a axis in stress space. As for the [±45],
x

laminates, abundant strength is exhibited in the third quadrant compared 0

to the first quadrant. Although complex structural shapes and complex

loads sometimes result in a laminate loaded in quadrants 2, 3 or 4,

most laminates are utilized in the first quadrant of the stress space. g

That is, thin laminates are primarily tension structures. The failure

surfaces for a number of angle plys were computed for the first

quadrant only. These are shown in Figure 24. The surfaces for 600

and 550 are the same as for 300 and 350 if a and a are interchanged.x y

The [t15]s and [t75]s laminates extend off the graph exhibiting considerable

longitudinal strength and relative transverse weakness on the x- and y-

directions respectively.
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The character of the failure behavior for a [0/90] glass-epoxy

laminate is shown in Figure 25. Actually, three surfaces are shown.

The inside curve--dotted line--represents the first ply failure (FPF)

in the matrix material of one set of plys. At this value of the load

the stiffness properties of the damaged ply were reduced (see the following

section for details) and load application was continued until matrix failure

occurred in the remaining plys--solid lines. The stiffness values of these

plys were likewise reduced and load application was continued until . -*

longitudinal (fiber) failure occurred in one of the sets of plys; this

is shown by the outside line. In quadrant one, great reserve strength

exists beyond matrix failure of the first two sets of plys. In quadrants

2, 3, and 4, however, the curve for longitudinal failure mostly coincides

with the curve for second matrix failure; longitudinal failure is

simultaneous with second matrix failure.

3.4 Laminate Response by the Method of Rowlands

Since the method of Rowlands [12] deals with stresses rather than

strain energy and uses the usual lamination theory the method has strong

appeal for engineers. The method is conceptionally simple and well founded

within the framework of lamination theory. It was decided to investigate

this approach for a wide range of materials and layup configurations.

The purpose was to assess its applicability in general for predicting

laminate strength and to investigate its ability for predicting

specifically the strengths of glass-epoxy laminates.

A computer program was written similar to that described by Rowland

in References [11] and [12]. The program predicts the inplane stress-strain

response of a symmetric laminate test coupon subjected to a biaxial test,

Figure 28. The program contains both the Hill and Tsai-Wu failure criterili

, •
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although only the Tsai-Wu theory is used in the following examples. The

laminate stress in the x-direction is applied in increments, Aa . Thex

laminate stress in the y-direction is given by Aa = 8Aa . The average -y x.

shearing stress is given by either AT = yAC or by T = constant. . :xy xxy ... .

The operator selects the values of 8 and y for a desired stress ratio.

The provision T = constant allows one to obtain a failure curve for axy

constant value of shearing stress.

For each increment of stress, the incremental laminate strain

* components Exs Ay, and Ay are calculated using the laminate compliance
y xy

matrix from the previous stress increment. These strain increments are

then used to calculate increments of stress (Aaxk, (Ac ) and (ATx)
x' y k xy k

for each k ply using the stiffness matrices from the previous load

increment. These stress increments are transformed to the 1-2 direction

for each ply yielding (Aal)k, (AC2)k, and (AT1 2)k. The current ply

stresses are then given by adding the incremental stresses for the (n+l)

cycle to the stresses for the n load cycle:

a2(n+l)k = 12(n)k + AG2(n)k

12( n+l)k + c12(n)k + ATl 2 (n)k (7)

The total strains for the n+l load increment are given by

x (n+l) = ex(n) + AE

Ey(nl) = £y(n) + Ac
yy y

Yxy(n+l) = Yxy(n) + AYxy (8)
2
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The average laminate stresses, of course, are given by

a (n+l) = a (n) + Ac
x x x

c (n+l) = a (n) + Aa
y y y

T xy(n+l) = -x (n) + ATxy (9) r -

The components (a) () and (1) are used in either the Hill

copnet 1k' (2)k' (12)k

or Tsai-Wu formula to investigate the failure of each ply. Once failure,

as predicted by the formula, is reached the ply is next investigated to

determine if the failure is matrix or fiber in nature. This is done by

comparing (al)k with the ultimate tensile stress and ultimate compressive

r '-
stress. If (ci)k exceeds neither of these, it is assumed that the failure

is in the ply matrix. After matrix failure if (a2)k is positive, the

failure is designated as "RESIN FAILURE IN TENSION." If (a ) is negative,
2 k

the failure is designated as "RESIN FAILURE IN COMPRESSION." Once resin

failure occurs, the constants E22 and GI2 are set equal to near zero

(i.e., 100) and E1 1 retains its original value. Actually, E 22 and G12 can

be modified differently for resin failure in tension and resin failure

in compression although they are modified the same way in the following

examples. The resulting value of v is approximately zero since

V21 = v12E22/E I" If (a )k exceeds the compressive or tensile ultimate

strength then the failure is in the fiber and it is assumed that all

stiffness of the ply is lost. Thus Ell, E22, and G12 are all set
p

approximately equal to zero. After ply stiffness is modified as above,

linear lamination theory is used to calculate new values for the laminate

stiffness and compliance matrices for use in the next load increment.

p ,
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Once fiber failure has occurred in more than one ply, then laminate

failure is assumed and computations are stopped. In addition to the "

laminate stresses and strains the program indicates the stresses in

each ply, indicates the laminate load at which a ply fails and tells

how the ply failed--i.e. whether the failure was a transverse failure in

the matrix or a longitudinal failure of the fibers. Thus the laminate

stress-strain curve is constructed. This curve is piece-wise linear,

changing its slope at each ply failure. In some laminates several plys W_

fail tranversely so that laminate stiffness becomes very low and the

laminate compliance becomes exceedingly large, resulting in large

laminate strains--strains of order 1 or greater. This is also taken

to be laminate failure since essentially all stiffness is lost.

In the following, the method of Rowlands, as explained above, is

compared with several test results taken from the literature for "

graphite-epoxy, boron-epoxy and glass-epoxy laminates.

Graphite-Epoxy. Rowlands [12] compared his predicted strain response

htest results on [0/t45] graphite-epoxy loaded at several off- £ 0

axis angles to obtain various biaxial stress ratios. As an exposition

of his method as used in the present report, the experimental data from

five of his figures are repeated here. Figure 27 shows the x strain

response for the 0-degree loading of the [02/t45] s laminate. Data from

five tests are compared with predicted test response. Two possible failure

loads, 76 ksi and 139 ksi are indicated, one corresponding to transverse

failure of the t450 plys and one corresponding to longitudinal failure of

the 00 plys. Neither is very close to the actual failure load of 100.2 ksi.

(The present failure loads, 76 and 139 ksi, differ somewhat from those

stated by Rowlands in his report of 81 ksi and 184 ksi. The reason why

U
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is not known; a difference in the applied stress increment will cause

some variation but not enough to explain the difference.) The point

to notice in Figure 27 is that Rowland's method gives a good strain

response, but a poor estimate of the laminate's strength--whether one

uses as laminat- failure the initial transverse failure of the t450 plys -

or the longitudinal failure of the 0 plys. Figure 27 also shows the

E strain response. Again, good strain response is indicated.
y

Response of the [02 /45] s laminate loaded in the 90-degree direction -w

along with the predicted response is shown in Figure 28. The responses

for a loading of 24 degrees and 45 degrees respectively are shown in

Figures 29 and 30.

Figure 31 shows a comparison of the Rowlands method with experimental

data obtained by Daniel [6] for a [0/±45/90] test coupon. Only a few
5

of the computed points are shown. The computed failure load of 80 ksi

compares fairly well with the test value of 74 ksi. The method slightly

overestimates the stiffness after the computed transverse failures of

0the 90 and ±450 plys. A definite change in the slope of the test curve

is easily seen in the region where the computed failures of the 900 and

±450 plys occur.

Figure 32 shows a comparison of the Rowlands method with Daniel data

for the [0/±45/90] laminate tested in uniaxial tension at 300 to the
5

laminate axis. As computed, the 750 and -60° plys fail nearly at the

same load--45 ksi and 47 ksi, respectively. The method considerably V

overestimates the laminate's strength; the predicted strength is 86 ksi

and the tested strength was only 63 ksi.

Boron-Epoxy. Data for two boron epoxy laminates--[0/90/±45]s and

[±45] s each tested at off-axis angles of 15 and 30 degrees--were taken

from Coles and Pipes [23] for comparison with the Rowlands method. Figure
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33 shows the test and computed results for the [0/90/±45] laminate
5

loaded at 15 degrees off the axis. The method grossly over estimates

the strength. Test failure occurred at 26 ksi, before even the first

computed transverse failure of any ply. Roughly, the same comparison

is obtained for the 300 off-axis test shown in Figure 34.

The [±45] laminate loaded 15 degrees off-axis is shown in Figure
5

35. Test failure occurs there near the load level of transverse failure

for each of the plys, but at a much higher strain--about 20,000 lie for "

E computed to 4,600 ve for a computed value of E The computed

stiffness is much greater than the actual stiffness. The 30-degree

off-axis case is shown in Figure 36. Test failure occurs just below "

transverse failure of the plys, but again at a higher strain than

indicated by the results.

Glass-Epoxy. Test data of Hahn and Tsai [14] for a [0/902]s glass- W

epoxy laminate and test data for a [0/±45/90] laminate from Chow et al
5

[15] were compared with the method of Rowlands. Figure 37 shows the

[0/90 ] laminate. Good agreement is noted between the test results and S
2 s

the predicted results. Test failure occurs at 50 ksi and the predicted

failure occurs at 56 ksi. The [0/902 1 laminate is a particularity

useful one for studying the unloading behavior of transversely failed S

plys. In the analysis used by Petit and Waddoups [24], negative values

are assigned to certain stiffness moduli of the failed plys, thus as the

applied load is increased in increments the failed plys gradually give •

" up their stress, redistributing their load to the remaining unfailed plys.

The negative moduli values are maintained unri- the ply's stress approaches

zero at which time the moduli are equated to zero. In the method of Rowlands

as explained in [11] and as used here, once a ply fails by either the

Tsai-Wu or Hill theory the transverse stiffness moduli are equated to

I
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zero. This means that a failed ply does not unload at all. As the

applied load is increased in increments the failed ply maintains its

load without either an increase or decrease in the affected stress.

At the present, not much is known about the unloading response of failed

plys; the response may depend upon the material properties, and the . --

stacking sequence. A number of unloading hypotheses were tested by

computing laminate strain response for various valued of the moduli

of the failed plys. When Ell, E2 2, G1 2 and v12 of the transversely V_

failed plys were equated respectively to Ell , -0.2 E22' -0.2 GI2, and

0, excellent agreement resulted. This is shown on Figure 38. While

the unloading factor of -0.2 is only an empirical quantity having no

rational basis, the excellent agreement obtained in Figure 38 must be

regarded as a clue in the unloading behavior of failed plys. A slight

change in slope of the test curve can be seen near the computed transverse

failure stress of the 0-degree plys.

Predicted and test results for the [0/t45/901 laminate are

shown in Figure 39. The prediction of either the ultimate strength or

the stiffness for the top portion of the curve is not as good as for

the [0/902] laminate. This is probably due to the addition of the t45-

degree plys with their associated shearing stresses. Lamina shearing

stress-strain response is usually nonlinear.

Summary of the Comparisons. The Rowlands method allows for nonlinear

laminate behavior by a loss in stiffness associated with the transverse

failure of the various plys in a laminate. This results in a stress-

strain curve piecewise linear--i.e. with a number of slope changes, each

one corresponding to the failure of a ply. In the comparisons of Figures

27 -39 the method is seen to give reasonable estimates of stiffness

following the initial ply failures for the graphite-epoxy and glass-

OS
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epoxy but not boron-epoxy. Much less accurate is the strength prediction.

If one takes as the definition of failure, longitudinal fiber failure or

singularity of the laminate stiffness matrix then the method in general

considerably over estimates the failure strength of most of the

laminates. One exception was the glass epoxy with the simple [0/90 2 S

layup. For angle plys loaded along the matrix axis the method does not

permit sufficient nonlinearity because various plys do not fail sequentially

but instead fail all at once (when the +- plys fail so do the -- plys).

It was thought that the laminate nonlinear behavior could better be

accomodated by using the full lamina stress-strain curve rather than

just the initial slope of the curve. All of the various lamina stress-

strain curves are reasonably linear except for the shear curve. Therefore,

it was decided to use the full lamina stress-strain curve in the

lamination program. This is discussed in the next section.

3.5 Laminate Response with a Nonlinear Lamina Shear Curve

In order to devise a method of laminate strength and stiffness

prediction which would permit a higher degree of nonlinearity it was

decided to use the full nonlinear lamina shear stress-strain curve

together with lamination theory. This refinement was made for the lamina

shear curve only since the ci and £2 strain responses are very nearly

linear and the shear strain response is usually highly nonlinear.

The lamina shear curve was used in a manner similar to that of

Sandhu [13]. The actual shear stress-strain curve was approximated by

a cubic spline function. This function was incorporated into the program

described in Article 3.4. Using the full curve, after each increment

of stress the laminate's compliance and stiffness are evaluated by

' w
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using the tangent modulus corresponding to the current slope of the

ply shear stress-strain curve. Thus, general nonlinear laminate response

. is allowed over the full range of applied load values, including the

. region prior to first ply failure. The resulting laminate response,

still exhibiting sharp changes in slope at each ply failure, will now

be nonlinear between the neccessive ply failures and not piecewise

linear as before. Except for making use of the full shear stress-strain

curve the method is the same as explained in Article 3.4.

3.6 Test Laminate Response Compared with Predicted Response Using

Ply Nonlinear Shear Behavior

Three angle ply laminates and one quasi-isotropic laminate of

Scotch Ply XP-250 were tested to failure in uniaxial tension. The

laminate layups were, [±30]s, [_-45], [±60] and [0/45/90] Three

tests were run for each layup. The coupon dimensions were the same as

those used for the 900 unidirectional material characterization tests,

1 inch wide by 9 inches long with end tabs for gripping. Strain gages

were used to record the longitudinal and transverse strains, E and cx y

The stress-strain response of each layup was determined and compared

with the response predicted by the method explained in Article 3.5.

The tensile stiffness properties of Article 2.5 were used in the

predictions.

Figure 41 shows the stress-strain response of the [±30]s Laminate.

The response is nonlinear almost from the beginning. The predicted

longitudinal strain c is somewhat greater than the measured strain although

x

the difference is generally less than 10 percent. The agreement for the

transverse strain is not as good. As a result of using the ply nonlinear

stress-strain curve the computed curves in Figure 41 exhibit correctly

S
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the decreasing stiffness with increasing load. For example, the initial

stiffness Exx of the laminate is about 3.34 x 106 psi, whereas the
stiffness at the predicted failure load is only about 2.02 x 10 psi.

The predicted ultimate stress is low, about 42 ksi as compared to an

actual failure stress of about 60 ksi. Generally, strength predicitions

using lamination theory fall below the actual strength for angle plys.

Chamis and Sullivan [17] have indicated that this may be due to the

difference in the in situ ply strength and the ply strength measured in -

unidirectional coupons. Use of the ply nonlinear shear curve improves

the failure prediction only slightly. The failed [±30] s coupons are

shown in Figure 42. As can be seen, final fracture resulted from a

combination of matrix splitting between fibers, fiber fracture, and

delamination. Delamination, indicated by the light region around the

fracture surface, was extensive. Final failure was sudden, with complete

loss of load occurring almost instantaneously.

Figure 43 shows the initial portion of the stress-strain curve

for the [t45] laminate; the full curve is shown in Figure 44. As
5

noted by Rotem and Haskin [25] the [±45] laminates exhibits a
.

singular amount of large deformation prior to ultimate failure. In

Figure 44 it can be seen that this laminate yields at a stress of about

17 ksi. The specimen deforms by a scissoring action and the strain

continues with little increase in load to a strain of about 35,000-
V

40,000 oc. Then the curve starts climbing again and failure finally

occurs at a strain of near 100,000 pc--a 10 percent elongation--four

times the failure strain of the [±60] laminate. The transverse strain * .
s

was practically equal to the longitudinal strain after the onset of . .

V
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extensive yielding. This transverse contraction is visible in the

pictures of Figure 45 by comparing the width of the tested specimen

with the width of the end tabs, which originally were the same width

as the specimen. As the scissoring action took place crazing spread

over the whole specimen (still in evidence by the light appearance of

the specimens). Failure occurred by a combination of delamination,

fiber breakage and splitting between the fibers. Failure occurred

near the end tabs where the scissoring action was restrained by the

stiffness of the tabs. Figure 43 shows the predicted strain response.

The transverse and longitudinal strains both agree well with the test

values up to the predicted failure load of 12 ksi. The tangent modulus

6 .

of the e curve decreases from about 2.07 x 10 psi at the origin to

6about 1.13 x 10 psi at the predicted failure load of 12 ksi. The

predicted failure load is too low, and the extensive straining beyond

17 ksi followed by a rising curve is not predicted. While the extensive

strain ability of the [t45] laminate is interesting, for most structural
s

applications the laminate could not be utilized beyond the 17 ksi knee

because of the large deformations and material damage associated with a

higher stress. It *s felt that from a structural viewpoint the useful

strength of the laminate is about 17 ksi rather than the higher figure.

The predicted and test response of the [±60] laminate is shown
5

in Figure 46. While the correct trend is predicted, the overall predicted

stiffness of the laminate is greater than the test stiffness. Transverse

failure of all plys occurs at a stress of about 9 ksi. The actual

failure stress was about 11 ksi. The predicted tangent modulus decreased

6 6from an initial value of 1.70 x 10 to a final value of 1.47 x 10 psi.
SV
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The fractured specimens are shown in Figure 47. Practically no

delamination occurred on these specimens with the exception of a

narrow region adjacent to the fracture surface. Rather, the fracture

extends along the fibers of one set of the plys, breaking the fibers

of the other set. Failure occurred by matrix splitting in, say,

the +60-degree plys and by fiber failure in the -60-degree plys.

The strain response of the [0/t45/90] laminates is shown in
"

Figure 48. Transverse failure of the 90-degree plys is predicted at

a stress of 14 ksi followed by a transverse failure of the ±45-degree

plys at a stress of 18 ksi. Final failure is predicted when longitudinal

fiber failure occurs in the 0-degree plys at a laminate stress of 53 ksi.

The actual test failure stress was about 41 ksi. In contrast to the

case of the angle plys, for the [0/t45/90] laminate, the prediction

method over estimates the strength. From a design viewpoint the method
r i ,

erred on the side of safety for angle plys but for the [0/-45/90] s

laminate the results are nonconservative. The stiffness of the laminate

is predicted very well, however. The predicted longitudinal stiffness

decreases from an initial predicted value of 3.01 x 106 psi to a final

6
value of 1.88 x .0 psi. The strain response was also computed by

setting E2 2, GI2, and v after the ply failure equal to -0.2 times
2' 1

their original values. The prediction is shown in Figure 49. The

agreement on the failure load is improved to a value of 50 ksi. The

stiffness of the upper portion of the curve seems slightly low, however.

It has been noted before that the ply unloading factor of -0.2 resulted in

good comparisons for some other materials. The failed coupons are shown

in Figure 50. Half of the 45-degree plys failed by matrix splitting, the p -

p W
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other half by fiber failure. The 90-degrees plys of course failed by

matrix splitting and the O-degree plys failed by longitudinal fiber

failure. A considerable amount of delamination can be seen. Crazing

due to transverse failure of the matrix of the 90-degree plys can be

seen throughout the length of the coupon.

3.7 Conclusions on Glass-Epoxy Laminate Response

In the present lamination method, after matrix failure the constants

E2 2, 2 where set approximately equal to zero under incremental loading.

Using negative values for these constants (simulating unloading) resulted

in no substantial improvement of predicted and test laminate stress-strain.

Use of the nonlinear ply shear curve resulted in a better laminate stress- r

strain curve--one which was nonlinear between failures of the various plys

and also nonlinear prior to first-ply-failure. Ply failure stresses and

strains agreed well with abrupt changes in the slopes of the glass-epoxy r "

test curves.

Two definitions of laminate failure were used: (1) longitudinal fiber

failure in two or more plys (2) strains of order one (singularity of I S

stiffness matrix). Definition (1) is appropriate only if a high percentage

of the fibers correspond to the load direction. This definition over

estimates the ultimate load in the [0/±45/90]s laminate by about 30 percent. I

For angle plys loaded along the principal axis, definition (1) does not

apply. All plys fail in the matrix simultaneously leading to very high

strains (singular laminate stiffness matrix) of 100 percent or more on

the very next load increment. Hence, definition (2) was used. This

resulted in failure predictions for angle plys which were low by 20 to 30

percent. p S
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Improvements in the prediction of laminate ultimate loads are

desirable. Lamination theory is inherently limited, omitting inter-

laminar shear behavior and making no distinction in stacking sequence.

Given these, it may be that no rational refinement will result in any

further improvement in lamination prediction of ultimate loads. The

use of in situ ply strengths as suggested by Chamis and Sullivan [17]

may in the future be a fruitful approach.

For the time being, the present method--using the nonlinear ply

shear curve together with E22 and G12 equal near zero after matrix

failure--yields a laminate stress-strain curve sufficiently accurate

for many practical engineering applications. This stress-strain behavior

will be employed in the finite element program and example problems of

Chapter V.

4P
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Chapter IV. r

DEVELOPMENT OF THE FAILURE ANALYSIS METHOD--

A DOUBLY-CURVED, ISOPARAMETRIC, THICK-SHELL FINITE ELEMENT

4.1 Introduction

Early theory on laminated plates and shells [26] was a direct exten-

sion of the classical thin plate and shell theory based on the so-called

Kirchhoff assumptions. Later the bending-extension coupling was studied

by Reissner and Stavsky [27]. In 1971 Pryor and Barker [28] developed a

rectangular finite element for laminated plates. The shear deformation p -

was included by the relaxation of part of Kirchhoff's assumptions. Later,

in 1976, a quadrilateral element for laminated plates was presented by

Nopratvarakorn [29]. The latter element is similar to but more versatile .,

than the one developed by Pryor and Barker. The plate quadrilateral ele-

ment is then further extended to model the shell structure. A plate ele-

ment to model shells has the merit of simplicity, but a large number of "

elements are needed for modeling shell structures. Therefore, a doubly-

curved, isoparametric, quadratic, 8-node, thick-shell element is developed

in this study. The element is derived from the 16-node solid element by

specializing the element so that strain energy of the stresses normal to

the midsurface is ignored and by constraining lines initially normal to

the midsurface to remain straight. Thus fewer degrees of freedom are

needed to define the displacement field. The resulting element has 40

degrees of freedom--three displacements and two rotations for each of the

eight nodes. Though the midsurface normals are to remain straight during "

W!
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deformation, these lines need not remain normal to the deformed mid-

surface. Therefore, the ability to model transverse shear deformation

is retained. Transverse shear is thought to be significant for the F .

laminated plates and shells.

4.2 Isoparametric Elements

Considering the geometry of the three-dimensional element in Figure

51, one notes that by means of the coordinate transformation

x = XN'xiii p ... *'
y = N'y

z = XN'z (10)
iii

the element can have curved boundaries. This is an important advantage r .

of the isoparametric formulation. In Equation (10) x, y, and z are the

coordinates at any point of the element and x,, Yis Zis i = 1, . . . n

are the coordinates of the n nodes. The interpolation functions N. are u
defined in the natural coordinate system of the element, which are func-

tions of , r, that each vary from -1 to +1.

In the isoparametric formulation the element displacements are

interpolated in the same way as the geometry; i.e., one assumes

u = EN'uiii

v = N'v *i i i
v = EN'w ii

w = Ntw (1iii

where u, v, and w are the local element displacements at any point of

the element and ui, vi, and wi, i 1, . . n, are the corresponding

element displacements at its nodes.

For a 16-node solid element the interpolation functions are

defined to be

p
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N' = i8l (lq(lc( ql
N1

N', = i/4(i- 2)(l-n)(_i- )
2

N' = l/8(l+E)(l-n)(l-_)(F-n-l)

N'1N' =1/I+)I)(-)+-1. .

N; /4(-n2)(l-E)(l-C) (12)

N' through N' can be obtained by replacing C with -i. With the defini-
9 1

tion of N!, the first of Equations (10) can be written as

x 8 Nl~ 8
x i-i il

or 8 1-C 8 l+.
x=E N.(i 2 ip ii N 2-iq

where

N. i/4(l+ i)(l+n.)( i+nqi-l) for i 1, 3, 5, 7

N. = i/2(l-32)(l+nni) for i 2, 611

N l 1/2(1+&i)(l-p 2) for i = 4, 8

are the shape functionsof the 8-node two-dimensional element of the mid-

surface, and

= -1, 0, 1, 1, 1, 0, -1, -1
for i = 1, 2, . . . 8

n i =-1, -1, -1, 0, 1, 1, 1, 0

and xiq' xip etc., are global cartesian coordinates of the 16 nodes on

= -1 and +1. Similar expressions can be written for y and z; i.e.,

txA{i Z ~~N( ) ~yi + Ei Yi=l iq i=1 2 ip
, 

qZ. Z. (13)

Following Ahmad [30] the full three-dimensional element is then reduced

to the conventional representation by midsurface nodes only, preserving

I



most of the desirable characteristics of the solid element. The six

degrees of freedom can be transformed into three mid-point translations

and two mid-point rotations about two axes perpendicular to the normal,

and a change of length of the normal itself. This yields a stiffness

too high in bending due to the fact that the normal strain 0 0. How-

ever, Ahmad replaced the linear C variation of the normal displacement

with the condition a n = 0, the usual assumption for beam and plate theory.

* A linear assumption in the C direction for the in-plane displacements u

* and v is sufficiently good to represent membrane strain states exactly

and transverse shear strains closely; therefore, all desired features

are now included. Introducing the following

X. +x.x . ip iq
- 2 iq -x.

iq 1

Yip+Yiq 
..YiV 4; i2 3i iq p

z ip+Ziq  JZ. . -z.

2 iq-1

into Equation (13) yields a set of equations which define element geometry

in terms of midsurface nodal coordinates and vectors i'

y i I i i += I-= - .~
2 31,

zzi

The global coordinate system x, y, z has zvertically upwards. The

local E, n, system is defined by the intrinsic shell coordinates. The

five degrees of freedom of each node will be three translations u, v, w

in the global x, y, z system and two rotations a, a about axes i 2"

The directions of 1112 are in the tangential direction of the , coor-

dinates respectively. V3 is drawn in the C direction of the C-axis to

p-
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form a triad with V and V2 at the node, Figure 52.

Consider a rotation a . about axis V2i and a. about axis V i. The

displacement at any point C from the midsurface is
i a i Vli ai2

<__/__. iV2i.)ciVlil 1 i'2il

where t. is the thickness of the shell at node i. Therefore the complete

40-degree-of-freedom element displacement field may be written as

u ~ u

8Ij E N.N v} + E Ni.i] (15)

where

a Lni 21 Lil )i22

and Zli,mli,nli, 12i,m2i,n2i are respectively the direction cosines of

V1 and V2 at node i.

The strain-displacement transformation may be obtained by differen-

tiating Equation (15). Since the displacement field is defined in the

local n4 system, the derivatives in this system must be evaluated before-

hand. Now at any point

au av aw ax PY z au a" aw
a& at DE a 3x ax ax

Du av aw ax Dy 1z Du av aw
an an an an an an ay ay Dy

au av aw ax. L z Du av aw
a ac ac 5 3 ac az Z z (16)

or symbolically

[uvwcn ] [J][UVWxyz]

where [J] is the Jacobean of the transformation of x, y, z to , n, .

, I
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Thus

[UVW = [J-I[uVW 1n (17)
3u 3v aw 3u av

Now the strains E.. are various combinations of Du av Dw Du av

aw Du v, aw 
-ytray za z and can be picked out of the matrix [uvwxyz] term-by-term

or _ _ .

r
Ux

U,
1 0 0 0 0 0 0 0 0 0 U

0 0 0 0 1 0 0 0 u ,
y

E 0 0 0 0 0 0 0 0 1z -,

y 0 0 0 0 0 1 0 1 0 z

x- ti 1 0 1 t.

yz

zxx

a. 0 0 1 0 0 0 1'

W,
y

W, (18)

Substituting Equations (16), (17) into Equation (18) leads to

{c} B{5 (19)

where {6} is the nodal displacement matrix. Matrix [B] is a 6 x 40 and

is built of eight 6 x 5 blocks. A typical block [Bi] is of the form

t. t.

011

a. 30 Ac A.i il2 iil22

t.t. t. t."6.-
0 b. 0 B. t Bj t.

i ii -2 ii22 2
t. t.

0 0 c1 1 ]

cBil bi (ii2-+ii1 (ii2"+i32-)

t.t. t.0. a. 0 ( ~ l IBi 1 -~Aj 222) (C

ii 1 2 i
t. t. t. t

c. 0 a. (Ci I i 1 L- (20)

,2 2
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where
DN. BN.

a . =J* I + J*
1 1 iD J12 Dn

3N. 3N.
b = Jul 7i + J*

1 21a 22 an
3N. 3N.c. Jal*q + J2 1 -

1 31 32Dn- I-

and [J*] = [J]-1

A. = a.C + J* N
1 13i

B. b. + J* N. r w
11 23 1

C. = cit + J* N.
1 i 331

4.3 The Elasticity Matrix

Consider each lamina or each layer of the composite behaving as a

homogeneous orthotropic material. Nine independent elastic constants

are required to describe the material. For the principal axes of elastic

symmetry (010203), Figure 53, which coincide with the reference axis

(x'y'z'), the compliance relations for a typical layer of a composite

are

(0) 1 V1 2  V1 3  0o)

1EF 0 0 0 01l Ei E2 E3
1 2 3

21 1 23 a£2 E1  E2  E 3  2 I "

V31  V3 2  1 a
£3 E 1 2 E3 3

G23 23

0 0 0 0 0 T (21)L13 13

where the coefficient matrix is symmetric. If the fiber arrangement

V
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were such that the variation of the properties in the 2-3 plane were to

be negligible, the number of constants reduces to five.... -

E, ELE1 = L• .

E E E
2 3 T

V 21  V 3 1  V TL

23 =TT

G12 1 13 G LT

ET
G G (22)
23 T 2(1+vTT)

E and G are the Young's modulus and shear modulus. Poison's ratio V. ,

is defined as
1 :"

V..1] E

due to a stress in the j-direction. Therefore, the determination of the

five independent elastic constants EL, ET, V TL' GLT' and vTT character-

izes the transversely isotropic composite. If the expression for GT

does not hold, the number of independent elastic constants increases to

six.

The constitutive relationship for the generally orthotropic com-

posite is obtained by solving for fa in Equation (21) and making use

of Equations (22).

p 3



41

a - C 11) - 2 C1

C C C 0 0 0 2

02 ~ 21 c22  ~23 0 2

C31 C32 C33 0 0 0

T1 2  0 0 0 C4 4  0 0 Y

TI13  0 0 0 0 C 55 0 2• TZ3 55

T13 0 0 0 0 0 C6 6  y1 3  (23) b

where

C n = 2(1v 2 )F
11 L TT

C E E Cl-i-V )F C C C r g
12 LET TL TT 21 13 31

C2 2  E(E-V 2 E )F
22 T L TL T

o EC(E +E V2 )F C
23 T( L TT T TL 32 - g

C =E (E-ETV2 )F= C
33 T L T TL 22

C44 G LT = 66
I S"

C G55 T

F = 1/[E (1-V2 )-2E V2 (I+V)] (24)
L TT T TL TT

The transverse normal strain can be found from Equation (23) as

0 C 33 (a 3 -C 31 e1-C 32 C2 )

3 C-
33

which can be used to eliminate from the stress-strain relations for

th
the K layer leaving

p -
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n1 Q12  o (0)

ial - l 0 1 0 0 0

2 Q21  Q2 2  0 C 2
T 2 0 0 Q44 0 0 <Y12 --
T 23 0 0s 0 Q55 023 '

o o o ob 02s

03 () o 0 0 0 Q6 1) K (25)L ' K) L-66 (K)F ,A(K
where a is neglected as in classical lamination theory

C. C i3Cj3 if i, j=i, 2. ;

C if i, j 4, 5, 6 -

For an arbitrary orientation of a lamina, the principal axes of

material will not coincide with the reference axes of the laminate.

The transformation for expressing stresses in an (010203) coordinate

system in terms of stresses in (x'y'z') system, Figure 54, is

(0) cos24 sin 2 ¢  2sincos€ 0 0 1'I I
a2  sin2  cos24 -2sin~cos4 0 0 a I

-sincos€ sinocos€ cos2 -sin2  0 0 Ty I
12 y

23 0 0 0 cos sin 0 T Y z
,,

T 1 0 0 0 -sin cos 0 TxzI (26)
(K)-(K)-

or

{a}(K) [T]{a'(K)

Hence, solving Equation (26) yields

{o'}(K) : [Ta]-l{a }(K)

where [T ] is obtained by replacing sine with -sine in [T ].a a
Similar transformations for the strain can be obtained as
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(0 cos 2 o sin 2 o sinocos o 0 I- S
2 n2  os2 -sin~coso 0 0 E..

-2sin~cosO 2sin~cos¢ cos 2 S-sin2 S 0 04Y 12 soCsOsn 0 0 YtyI

Y23 0 0 0 coss sins y ' "'I

0 0 0 -sinl 005* (27)

(K) o (K)

or

(K) = (K)

and

{S'}(K) = [T]-{ (K) .
]-1

where [T I is obtained by replacing sino with -sino in [T ] and the
E

prime represents the principal axes system.

Equations (25) can now be rewritten as

(oS(K) = [Q]K) IK (28) 

Substituting Equations (26), (27) into (28) yields

{'}(K) : [TC] TQ](K)[T'C'I'}(K) (29)

or

{o'(K) =()

where

[](K) = [][](K)[]

and

[T]T [T -1
0 w

4.4 Element Stiffness Matrix

The strain energy of the element can be written as

N
E 1 f (cT f(o}dV

K=l V(K) (K) (K)

th 
(30)

where the V(K) denotes the volume of the K lamina. By substituting(K)



44

Equation (_29) into Equation (30), the element strain energy can be .

obtained as

N T
U E {E'}T[Q'](K){ '}dV(K )  (31)K=l VK)r o

where {W} is equal to {E'}(K)' since the distribution of strain is

assumed to be continuous throughout the entire thickness of the lamin-

th
ate. Matrix Q'] (K) is the stress-strain matrix for the K layer. One!r

must ensure that [Q](K) provides for zero stress normal to the shell.

Let the reference shell coordinate x'y'z' have the same directions as

V1, V2  V3 so that at each point of the shell z' is normal to the mid-

thrsurface. Taking for example the K layer, the stress-strain relation

{a'I(K) IQ,](1) { E '

in x'y'z' coordinates is

" Q'1 1  Q'12  0 0 0 0 .x

Q'1 Q' 0 0 0 0 Eyy, 21 22 Ey, ..

az, 0 0 0 0 0 0 C z' 10

T 0 0 0 Q' 0 0 Y

T 0 0 0 0 Q' 0 Yyz55 Yy'z'. .

z'x (K) 0 0 0 0 0 Q'66', () 6(K) zx' (32)

This form of [Q'](K) provides for a., = 0 and plane stress conditions in

the x'y' plane. A coordinate transformation is applied to convert

{C'} to matrix {( in the global xyz coordinates; i.e., substituting
(K) (K)

{EI} = [T'J{e}

into Equation (31) yields

U K E 1 f {e}T [T]T[Q' ]()[T']{e}dV(K) (33) p

(K)
Introducing Equation (19) into (33) leads to



U {}T[k]{6 } (34)

where N T [4
[k] = K f [B]T[E](K)[B]dV(K)

~l (K) (35)

is the element stiffness matrix and

[E] = [T'] T[Q'](K)[T']

in which [T'] is the transformation matrix between xyz and x'y'z' coordi-

nates.

The integral of Equation (33) is evaluated by numerical integration - A

with respect to the local , n, coordinates. Matrix [B] may be split

into a part [B0] independent of c and a part c[B I] linear in C. The

products - -

[B 0]T[E] (K)[B]

and

[]T[E] (K)[B 0]

are linear in r, representing the bending-membrane coupling effect. The

product

[Bo]T[E](K)[B0 ]

and

T
[B1 ] [E](K)[B]

are the membrane and bending effects respectively. "

4.5 Body Loads, Surface Loads

Nodal loads resulting from body force and surface pressure will now

be considered. The nodal loads associated with these applied forces may .

be found by usual procedures and only an outline is included here.

Equation (15) can be rewritten as follows:
u W

{f} v (36)

i-i
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where EN] defines the nature of the displacement field. Matrix [N] is

a 3 x 40 and is built of eight 3 x 5 blocks. A typical block[ NJ is of S

the form
N ii1i Nii2i-

N. 0 0 2 2
2 2

N.tim NiZtim
1i ill i i2i

[Ni ]= 0 N. 0 2 21 1
Nietini Ni-tini

0 0 N i ili N i2i
a 2 2

The array of element nodal forces {r) produced by body force and surface

pressure in the element is [31]

{r} f f [N]uTT{P}dV + f[N]T{p n}ds (37)
Vol S

The first integral represents the body force and the last integral repre- V

sents surface normal pressur

4.6 Computer Implementation
1

First of all, consider the definition of the three mutually perpen-

dicular vectors Ili' 12is I3i as shown in Figure 52. The rotation vectors

B., ei are colinear with li and 21 respectively. It is conceivable that

in the assembled structure no two nodal rotation vectors will have the

same direction. Vector i may be defined by input data, and is presumed
31

to span the thickness and be normal to the midsurface. This proves to be S

very time-consuming in preparation of data for a large-scale problem. In

this study the following approach is adopted.

+
From the differential geometry, the tangent vector el, e2 as shown in

Figure 55 along the local intrinsic shell coordinates axes can be found

by the following equations.

ax+ -t -+-
2 = an an

p 3
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and

e 3  e I x e 2e3  e1  2

The direction cosines of e3 give the directions for _ t" 1 could be
3'3 i li

defined by e1 or might be defined by input data so that it coincides with

a principal direction of an orthotropic material and

4. . 4
V2i = 3i li

Next the element stiffness matrix given by Equation (35) will be

integrated numerically with respect to the local F, n, r coordinates

resulting in

[k] -1 f- f [B]TE(K)[B]detIJid~dndC (38)
K 1

When the Jacobian of the above equation is computed, it is found that C

to the first power appears in certain terms. These terms may be neglected

in comparison with terms to which they are added. In this study, these . "

terms have been temporarily suppressed so that [J] becomes independent

of C and explicit integration through the thickness is possible; and, as

indicated in the previous section, [B] may be split into [B ] + g[B 1 1.

This integral results in

[k] = f' fI([Bo][E][B]+[B][DE][BI]+[BI][DE][Bo]
-1-1 1 0

+[B 1[DJ[B l)xdetjJjd~dn

where [E] is the in-plane stiffness array, [D] is the flexural rigidity

array, and [DE] is the coupling of membrane and bending stiffness array.
S

The average valuesof [E], [DE], and [D] are then computed and the C

terms are restored in [J]. Two Gaussian points in the thickness direc-

tion are used for numerical integration; i.e.

[k] = f f fI([Bo][E][Bo]+[BI[DE][B1 ]+[b1 ][DEI[B0 ] 1
-i -i -1

+[BI[D]B I ] del~ldd d
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The cost of numerical integration is then doubled but the stiffness

obtained is much better than the one obtained by neglecting terms in

!i -E[J ] "

In the final calculation of element stresses, the strair computed "-O

Mfrom

{E} = [B]{1}

are referred to global coordinates x, y, and z. The strain is then trans-

ferred back to the x',y' ,z' coordinates by

{E'} = [T']{E}

And, finally, the operation

{0'(K) = [Q'](K){} .

gives stresses referred to the shell coordinates x',y',z'; and the stresses

in the principal material direction are obtained by

fa (K) T a [T]o}(K)

4.7 Yield Criteria

The Hill criterion as well as the Tsi-Wu tensor criterion are imple- top

mented in the computer program to assess the effect of stresses and strains

on the structural integrity of the composite. Due to the thinness of the

plates and shells in the 83-direction, plane stress is assumed; that is

a3 TI3 T23 0

Also for a composite which has a regular fiber array in the e1-e2 plane

it is usually assumed

(03)y.p" 2 ( )yp"

With these conditions the Hill and Tsi-Wu criteria are essentially the

same as used in the plane stress analysis. Incorporation into the com-

puter code makes it possible to assess the structural integrity of the

U
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plates and shells at discrete points due to the finite element approxi-

mation. At these discrete points the layer stresses a., 02, T 1 2 , T1 3 '

'23 are computed as described previously, and are substituted into either

Equation (3) or Equation (4). The layer is yielded if the left-hand side .

of the equation is greater than or equal to 1.

4.8 Mesh Generation

The preparation of element data is a very time-consuming task.

Incorrect element data is also a major source of errors when running

finite element programs. The mesh generation subroutine is developed

to generate the element data automatically. The MESH8 subroutine uses

a group of eithei7 8-node (quadratic) or 12-node (cubic) quadrilateral

regions to define the body under consideration. This sub-program is cap-

able of modeling two- or three-dimensional plates and shells midsurface .

domains that are composed of 8-node quadrilateral elements. The element

nodes are numbered and the element nodal connectivities also generated.

The 8-node quadrilateral region is available in MESH8. It can be used to r U

generate a two- or three-dimensional quadrilateral element with eight

nodes. The eight nodes that define the region are numbered as shown in

Figure 56. Node 1 is always at the coordinate location C n : -1.

The region is then subdivided into elements by considering eight

nodes that form a quadrilateral such as the area in Figure 56 with the"-

center node being omitted.

The size of the elements can be varied by placing nodes 2, 4, 6, or -

8 at some point other than the center of the side. Movement of these

nodes shifts the origin of the C-n coordinate system. ,

U

-t
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A domain is generally modeled by using several regions connected to

one another along one or more sides. The possibility of a common bound- - .

ary between two regions requires that proper connectivity data be given.

These connectivity data convey to the computer how the region under con-

sideration is connected to other regions.

- -S

r S

* V

S wj
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Chapter V

LAMINATE STRESS ANALYSIS BY THE FINITE ELEMENT MODEL

5.1 Description of the Computer Program

The element is a general doubly-curved 8 node laminated thick-shell

isoparametric element which can be used to model both thick and thin
F ..

plates and shells, laminated or single layer. The material can be

*homogeneous isotropic or orthotropic. Both geometric and material non-

linearity have been considered. The incremental procedure is employed.
r

The load increments are of equal magnitude. The load is applied one

increment at a time and during the application of each load increment the

equations are assumed to be linear. The coordinates of the node are then • V"

updated and the adjusted coordinates are used in the computation of the

stiffness for the next increment. The shear stress-strain curve of the

composite material is highly nonlinear. The current tangent modulus is

used in the calculations. The shear curve is fit by a cubic spline

interpolation to define the shear modulus at a given strain. Figure 57

is a flow chart showing the sequence of operations performed by the

program. Appendix A together with Figures 58 and 59 give an explanation

of the data input for the program. Appendix B gives the program listing.

5.2 Verification of the Computer Model j

This section presents the solutions of several problems which are

intended to illustrate the capabilities and limitations of the finite

element computer program. Examples included have known solutions, and V _

thus provide good test cases for the program.

-i
• -

' - "" • '" -•[ ' ' . . . . .. i i I ~ I I
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Homogeneous Simply Supported Square Plate. The first example is

the well known Reissner thick plate problem. A nondimensional deflection

parameter was calculated for various plate-thickness-to-lateral-dimension

ratios. These results are presented in tabular form in Table 6 and in

Figure 60. They show excellent agreement with the Reissner theory

(see [29] or [32]). As the thickness to lateral dimension ratio gradually

increases, the solutions of both the finite element method and Reissner

theory disagree with the classical solution. .

Cylindrical Shell Roof. This is a test example of application of

the element to a shell in which bending action is severe, due to supports

restraining deflection at the ends. The shell is supported on diaphragms .  .

as shown in Figure 61. These allow no displacements in their own plane,

but offer no resistance to displacements perpendicular to it. Only a

quarter of the shell was actually analyzed, by using symmetric boundary p -

conditions along the two orthogonal planes of symmetry. Displacements of

the shell in the vertical direction at the mid-span section are shown in

Figure 62. The reference curve is that used by Pawsley [33]. The graphs l ....4'

show that this shell roof is well modelled by even one element.

Thin Hyperbolic Paraboloid Shell. The boundary of this shell is

assumed to be rigidly held against both displacements and rotations. -

The shell is subjected to a uniform load. The geometry and material

properties are shown in Figure 63. The entire hyperbolic paraboloid

was modelled using only 4 elements. The results obtained are presented

along with the results of Minch and Chamis [34]. These results show

good agreement.

These comparisons all indicate a high degree of accuracy for the

present method. The method will now be applied to a glass-epoxy laminate

with a hole.

S
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5.3 Response of a [0/tL5/90] s Glass-Epoxy Laminate with a Hole

An example like that of Chow et al [16] was chosen. Three tensile . S

coupons of XP-250 containing a hole were tested. The layup was [0/t45/90]s,

eight plys thick. During the load application the strain was monitored

near the hole by a 1/16-inch strain gage. The coupon dimensions and gage 5 .

location are shown in Figure 65.

Figure 66 shows the mesh layout for the computer simulation of this

problem. The properties used in the input are those of Article 2.5. The ' g

tensile values of the stiffness properties were used in the input together

with the nonlinear ply shear curve, Figure 9. After matrix failure in a

given ply E22 and G12 were set approximately equal to zero as explained I "

in Article 3.7. The computed response is compared with the three test

responses in Figure 67. The two agree fairly well although test strain

is slightly larger than the computed strain. The indicated computed "

failure was taken to be when two plys failed by fiber fracture. In this

problem these failures occurred first, of course, in the elements on the

hole edge. The slight disagreement in Figure 67 is probably due more

to imperfect material characterization, as discussed in Article 3.7,

than to the numerical method. The present finite element model, as

already seen, appears to be quite precise. 5

p S

w w
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Table 3-

Summary of Ply Shear Properties for XP-250
Glass-Epoxy from Three-Rail Shear

of Unidirectional Panels

Properties

Stress Strain
G1  (pi S1  (ksi) e1  (P strain)

Test No. 12_______ (P________)_ 12______12_

12 (1) 0.60 x 106 18,200

6.48

12 (11) 0.63 x 106  14, 300

*13 (1) 0.69 x 10 6 20,300

7.60

13 (11) 0.76 x 106 18,200

14 (1) 0.58 x 106 19,200

6.76

14 (11) 0.78 x 106  1s,000

15 (1) 0.74 x 106  25,900
8.10

15 (11) 0.66 x 106  26,300

*Mean Values 0.68 x 1o 7.23 19,700
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Table 4

Summary of Ply Compressive Properties for XP-250
Glass-Epoxy from Tests of [00] Coupons

Properties
Young's Modulus Poisson's Ratio Ultimate Stress -

Tes o.E 1 (psi) VX (ksi)

16 4.94 x 10 0.403 -- 1

17 6.39 x 10 0.294
(Channes 1 )12

17 5.73 x 106  0.309
(Channels 3, 4) ________

18 5.35 x 100.277
* (Channels 1, 2) ---_______ 1

18 5.88 x 106  0.325
(Channels 3. 4)__ __ _____

19 5.97 x 106  0.330
(Channels 1, 2) ________ 2

19 5.97 x 106  0.287
(Channels 3, 4)_________________ ___ ______r

20 5.19 x 106 0.324 99.8

21 6.38 x 10 0.305 105

Mean Values 5.87 x 106 0.317 112

'No ultimate load due to grip slippage.
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Table 6

Central Deflection of Simply Supported
Square Plate. After Reference [29].

THICKNESS 8 W EH/qa UNIFORM LOAD, q
RATIO max

Present Finite Reissner's Classical
H/a Element Theory Theory

0.01 0.04481 0.04439 0.04437
0.05 0.04524 0.04486 0.04437
0.10 0.04686 0.04632 0.04437
0.20 0.05243 0.05217 0.04437
0.25 0.05698 0.05656 0.04437

w.

g

.V

S V"
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Figure 1. Test Set-Up-



64

0

CL0

U*) Nl'o) C~

(I) 11 1

4-r4

0 4J
in

0

4 z t
IS >1"'-O'S36-4



65

AM-

Figure 3. The Failed [0] Tensile Specimens
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Figure 16. The Failed [0] Compressive Specimens ..Iw
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Figure 42. The [±30o] XP-250 Glass-Epoxy Tension
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Appendix A 
IV . .

Data Input for the Program

Card 1 TITLE (13A6)
Col. 1-70 Alphanumeric statement r .S
Col. 70-78 "MESH ONLY" if only the mesh generation is desired

Card 2 General Control Card (515)
Col. 1-5 NNP, Number of nodal points
Col. 6-10 NEL, Number of elements
Col. 11-15 NMAT, Number of different filamentary composite material "
Col. 16-20 NSHELL, 0 for shell analysis, 1 for plate analysis
Col. 21-25 NFLAG, 1 for Hill criterion, 2 for Tsai-Wu criterion
Leave Col. 1-10 blank for mesh generation

Card 3 Load Control Card (615)
Col. 1-5 LD, Load identification 1 for uniform load in x, y, z, W "

direction, 2 for uniform normal pressure, 3 for non- 4

uniform normal load, 4 for concentrated load, 5 for
edge pressure

Col. 6-10 NELPL, Number of element with uniform or non-uniform load
Col. 11-15 NEDGEL, Number of edge pressure boundary conditions
Col. 15-20 NLOAD, Number of concentrated loads
Col. 20-25 INCMAX, Maximum number of increments

If INCMAX is set equal to 1 linear analysis will be executed.

Card 4 Mesh general control card (215)
Col. 1-5 INRG, Number of region U
Col. 6-10 INBP, Number of boundary points to be input

Card 5 X-coordinates of the boundary nodes (8FIO.O)

Card 6 Y-coordinates of the boundary nodes (8F10.0)

Card 7 Z-coordinates of the boundary nodes (8FIO.0) .

This format is repeated until all the nodal values are read.

Card 8 Regions connectivity data (515)
Col. 1-5 NRG, Region number
Col. 6-10 Four connectivity numbers for a region one for each side. -

Col. 11-15 Each value is the number of the region connected to a
Col. 16-20 particular side. The sides of the quadrilatural region
Col. 21-25 are labeled as shown in Figure 58.
See example for the determination of the connectivity data.

S

. S
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Card 9 Region data (l15)
Col. 1-5 NRG, Region number
Col. 6-10 NROWS, Number of rows of nodes
Col. 11-15 NCOL, Number of columns of nodes P
Col. 16-20
Col. 21-25
Col. 26-30 NDN Global node numbers used to define the quadrilateral.

Col. 36-40 i

Col. 41-45 Fr 1

Col. 46-50
Col. 51-55
Replace Card 4 through Card 9 with the following data Cards if mesh
generation is not used. (Substitute cards are indicated by an asterick.)

Card 4 Nodal coordinates card (Al, 14, 5X,3F10.0, 15) (one for each node) - -W-4

Col. 2-5 N, Node number
Col. 6-10 Leave blank
Col. 11-20 X(N) X-coordinate
Col. 21-30 Y(N) Y-coordinate J
Col. 31-40 Z(N) Z-coordinate
Col. 41-45 KN Node number increment W --

Nodal coordinate card need not be input in node order sequence,
however, all nodal coordinates must be defined. Joint data for a series
of nodes may be generated from information given on two cards in sequence: 'I
Card 1 N1  KN1

Card 2 N2  KN2. . . . .... . .

KN2 is the mesh generation parameter given on the second Card of
the sequence. The first generated node is N1 + (1 x KN2 ); the second
generated node is N1 + (2 x KN2 ); etc. Generation continues until node
number N2 - KN2 is established. Note that the node difference N2 - N1
must be evenly divisibly by KN2.

Card 5 Nodal connectivity card (915) (one for each element)

Col. 1-5 N, Element number
Col. 6-10 NOD (Nl)
Col. 11-15 NOD (N,2)
Col. 16-20 NOD (N,3)
Col. 21-25 NOD (N,4) Global nodal point number corresponding
Col. 26-30 NOD (N,5) to element nodes
Col. 31-35 NOD (N,6)
Col. 36-40 NOD (N,7)
Col. 41-45 NOD (N,8)

i W

S S
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Card 10 Nodal ID Card (715) (one for each node)
Col. 1-5 N, Node number
Col. 6-10 ID(N,l) x-translation boundary condition code
Col. 11-15 ID(N,2) y-translation boundary condition code
Col. 16-20 ID(N,3) z-translation boundary condition code
Col. 21-25 ID(N,4) --rotation boundary condition code
Col. 26-30 ID(N,5) 8-rotation boundary condition code
Col. 31-35 KN Node number increment _

Note that an unspecified (ID = 0) degree of freedom is free to translate
or rotate as the solution dictates. Delated (ID = 1) degrees of
freedom are removed from the final set of equilibrium equations.
ID = -1 is used in the generation of boundary condition code 1. Generation
of the boundary code is used when a series of nodal cards all have u ..
fixity in a given direction. For example, a flat plate lying in the
x-y plane subjected to plane stress state will have ID(N,3) = ID(N,4) =
ID(N,5) = 1 for all the nodes. Rather than punching "1" in column
20, 25, 30 on all the cards it is possible to just punch "-1" in the
column 19-20, 24-25, 29-30 of the first nodal card and enter 1 for KN
in the last nodal card. The program will set ID(N,3) = ID(N,4) = ID(N,5) -1 p .
on all of the intervening cards. A code of -1 is then interpreted in the
same way as +i (i.e. fixed).

Card 11 Material Property card (8F10.0) (one for each Ipe of material)
Col. 1-10 E(I) EL longitudinal Young's modulus
Col. 11-20 PR(I) VTL Major Poisson's ratio •
Col. 21-30 E2(I) ET transverse Young's modulus
Col. 31-40 Gl(I) GLT shear modulus in the L-T plane of the

unidirectional composite
Col. 41-50 G2(I) GT shear modulus
Col. 51-60 VTT minor Poisson's ratio
Col. 61-70 WRANG(I) ply angle p

Note that a different ply angle is considered to be a different material.
The ply angle is defined by the angle between the intrinsic coordinates
and the principal material coordinates.

Card 12 Yield strength for unidirectional composite (8FIO.O) S 0
(one for each type of material)

Col. 1-10 YLDX tensile yield stress in longitudinal direction
Col. 11-20 YLDY tensile yield stress in transverse direction . . -

Col. 21-30 YLDS shear yield stress in L-T plane
Col. 31-40 YLDXX compressive yield stress in longitudinal direction
Col. 41-50 YLDYY compressive yield stress in transverse direction ". '

Omit card 11 if INCMAX = 1.
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Card 13 Layer information card (315) (one card for each element)
Col. 1-5 L Element number
Col. 6-10 NLAYER Number of layers
Col. 11-15 KN Generation code .

If KN is left blank, one card is needed for each element. If KN is
set equal to 1, only the first element in the series need be provided.
The other will be set equal to the first element.

Card 14 Layer property set (215, Fio.4, 15) (one set for each element)
Col. 1-5 LN Layer number
Col. 6-10 MTYPE Material type number
Col. 11-20 THL Thickness of the layer
Col. 21-25 KN Generation code

KN is defined the same way as in Card 12. If KN is left blank one set
of cards is needed for each element. If KN is set equal to one at the
last card of the first set, then only the first set is needed for the
first element.

Card 15 Cubic spline control card (15, 5X, 2F10.0)
Col. 1-5 N Number of segments of stress-strain curve to be fit

Col. 6-10 Leave blank
Col. 11-20 E The initial shear modulus
Col. 21-30 ES The last shear modulus

Card 16 Discreet values from the shear curve (2F10.O) (one for
each station) • 6

Col. 1-10 F(I) Value of shear stress at station I
Col. 11-20 X(I) The corresponding shear strain

Omit Card 15 and 16 if INCMAX : 1.

Card 17 Concentrated load card (I5, 5X, 3F01.4) (one for each load) W U
Col. 1-5 ND Node number where load applied
Col. 6-10 Leave blank
Col. 11-20 IDIRN Direction of the applied load -

1 for x-direction .
2 for y-direction 7

3 for z-direction •

Col. 21-20 FLOAD Magnitude of the applied force, positive if in
the positive direction of the axis, negative if opposite
to the direction of axis

Card 18 Distributed body load card (I5, 5X, 3F10.4, I5) (one for each element)

Col. 1-5 L Element number "
Col. 6-10 Leave blank
Col. 11-20 Px x-component of the body force per unit volume
Col. 21-30 Py y-component of the body force per unit volume
Col. 31-40 Pz z-component of the body force per unit volume
Col. 41-45 KN generation code

Omit card 18 if LD 1 .
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Card 19 Edge pressure load card (215, F10.4) (one for each load)
Col. 1-5 L Element number
Col. 6-10 ISIDE Side number
Col. 11-20 PMLD Edge pressure positive if in the same direction as - S

the outward normal of the edge surface

Omit Card 19 if LD 5.

Card 20 Surface pressure load card (I5, 5X, F10.4, 15) (one for each element) _.IJ

Col. 1-5 L Element number
Col. 6-10 Leave blank
Col. 11-20 PN Surface pressure, positive if in the same direction

as the outward normal of the surface
Col. 21-25 KN Generation code

Card 21 Non-uniform surface load set (15, 1, 8F10.0) (two for each element)
Col. 1-5 L Element number

Card 22 (Continuation of Card 21)
Col. 1-10 PU(L, 1)
Col. 11-20 PU(L, 2)
Col. 21-30 PU(L, 3) - -
Col. 31-40 PU(L, 4) Pressure intensity at the eight nodes of
Col. 41-50 PU(L, 5) the element.
Col. 51-60 PU(L, 6)
Col. 61-70 PU(L, 7)
Col. 71-80 PU(L, 8)

Omit Card 20 and 21 if LD X 3.

Note on Region Connectivity Data for Mesh Generation

A domain is generally modeled using several quadrilateral regions
connected to one another along one or more sides. The possibility of a
common boundary between two regions requires that certain information
be provided. The determination of this connectivity data is best
illustrated through an example as the four region body in Figure 59.
The & n coordinate system and the region number have been assigned. The
sides of each region are indicated by the number 1 to 4. The connectivity
data for the four region body is as follows:

Region 1 2 3 4

1 2 3 0 0

2 4 1 0 0

3 4 0 0 1
4 2

4 2 0 0 3

S -
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The first line of data states that side one of region one is
connected to region two and that side two of region one is connected
to region three. The two zero values indicate that sides three and " .
four of region one are not connected to any region. There is one
line of data for each region.

p .

" . . .V J

* . . V•

* 2 ..



APPENDIX B

SFESET LIST
IFILE ITLE="rei/TAPE"',KIN0=D1SKFILETYPE=?)

CiE44ON/ST?/INCNLAGYL0X(L).YLY(4)PYLDS(4)PYLDXX(4)
to YLO YY ( 4,SU4S( 100 p8 v3 ) PKOUtNT( 100).
2 KOUNrFC1'3O),NrAIL( 100,8),NYIELO(100.8)
3.SIJMSIG(1O),'~,3 )#SUMS T4( 100P2g)v SU#EX( 100v 20)

C(MflN/HiifE(4)PR(4)ND44,)MTPE(.Li4).TH(44)PSE
1(*.5.45)* PX(44i)PPY(4Li)#P2C 4L)NLAYER(44),THL

M4)E2(4)P.GI(4i ,G 2(4)3,PR 2( Li)vfiA.G( 4)
CO'4PONSPN/000C200 ).NN3.E5
C114NSION T!TLE(13)

'I ~)blE'JS104I F(5S(320e80J.LN(4C)vFF( 45)PR( 320)PSIC 9)PT 1

CC'4?43N/G/AM4N(16 3.6 )P,4(44, L)
''C C'4'V~P/P/NS I.ELLN9 'NE OGEL. KO'%d4 TYIOUN
CC$*,tN/SOLM0~(02)

tCCM'440N/TETiiNCMAX -
C0MMVJN/L040/PN(4L4)PU(44p8)
C [MMJN/L.1A DGH/LDoN EQA4LO AONE LPNELPLP NNP
DATA AA/-.57735021,.57735027/
DATA IPRC/1HF/
GATA h"JRDI/6Hi4 ONLY/
N9=6 -

NFE =4

R Ef) ( 5a-911)(TI ILE( .=, 13)

4EAi) CS, ) NN0'NELPNMATPNSHELL ,NFLAG
REAV)( P6 )L Dv'4ELRLPNEDGELoNLOA CINCH AXPNEL SP
IM(ELPL.- . f)ELPL=NEL

6 FERt4AI(615)
IF(NFLAG.EQ.0) NFLAG= 4

.PJNC4AX PLO
N JDF :5 'VJP

lF (NNPN'E0AN0.NEL-NE.0)G0 TO 300
C** M4ESH4 GENERATIOJN

C ALL MES4( X%.17 r4ODvNPvNELP44PTI TLE)
IF(TlTLE(13).--0.WOQrM CALL XIT

IF(IE:LPL.E7J.,)) NELPL=NEL
GO r'j 305

3')C C(NTINI1E
''' INJ % .t 1"AL COOPOINATFS
C A'.L I!NPUT(XPYr 7 pNNO) A

Cot II PN'.; T .~E N T 1 ,2NN*4FC T IV ITY 04T A
CC 62C 4=1,JNEL



$AAD (5v61 5)N. (N00OvIu1),Izt.5) W '

C,?L C ONITINU?
315) CENT INUE

C*k INP46T It) CJO0ES
CALL IN!-)( I0.NNPvNEQ)

ON I T ( 6, ?O 1 P)

1 VNNP)

Is T E ( 6P, 2*21

F I T V4A6I p~X 241.3

C* INPUT MATERIAL OATA
'jC 5 1=tNj'4AT

1(1),YL'iYY( 1)

SCGNTINU .
3 FCF4 A T ( JF 1 00)

WFI TEC 6,204C)
C* IhPUT NUi'4fER OF LAYER VFJR EACH ELEMIENT

fF(IKN.E'4..))G~ TO) 2?
'LAYEF(4)=NLAYERQl)

2? CONT IN 4.E

F(H4AT(31I )

Wd F I T (6, ?) 3^))
CC 4'., A£41*NFL
N PL Y = NL A Y,- ( )
rL=O.

C'' i'T MAT 1F'UAL TYPE AN') THICK(NESS (IF EACH LAYER
00C 41C LA=IPNPLY
IF( K%. Q. I)RE AD (5 12 )LNPMTYPE( LNs'4) PTHL (LNP 4)p K4

~F ( KN. 41.', ) GO' T0 4 11

ThL(LA pM4)=T14(LA, 1)
411 rL =T L 4TH L tL AtH )
4 4,C id TE (b ?) 55 P4mLA,4TYRE( LAPM) PTIIL(L 40 -4) VKN

TtdM ):TL

w
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4 C C C1TI NU E16 AF
I7 F>14A I(?!5 p F 0. 4 o15)

I F( INC WAX.C. 1 ) GO TI 103,
C''i CALL Cv.3IC SPLINE FIT

CALL S?L IN E(0D30(1 vD00(51 POO 101 vDO( 15t ).V43P E5
303 CEZNTINUE

C'* INPUT LJA'3! NS
CILL INLIA?)(R.PXPY '0ZPMuPIYFUPNE!)GEL)

LIM=I4PE*5
KEUtNT f=l
CC )35 '4=1I'NEL
KC'JU4TF (N )=

J)ii L=IPNPLY
SLMST.%(:4,L )=O.
S i.MZ X ( MjL )=C-
iLl4SKZ(4L )=O.

))5 SLA ( PL I ) 1.

0( 6017 14 9 E

IF(I.4C.GE. -2 AND.KUUNTY.NE..)GC TO 505
CC LLII= 1t MN Q

CO 11 JZ=1PDC

"uC 5C NI 1 M. NEL
CC ')l I IV= ,I qP Eit

I1=5*(V-l.

CC 3')1 JV=1-p5

il I LI(IJ)=1D(NIvJV)
1 f CS 4A I(2) 1 5
C' ALZULATE 3ANJWIDTH AND~ ELEMENT STIFFNESS

'ALL EANCAL (i43ANDvLMv'4PE)
CALL ELEM4fr(MFF)
CC 415 LL=IPLIM

1F(!.LFe.)) GO TO 41t5
I fir k( 4 FV( LL)

1FfJ.LE.1)) GO To 400
S(IPJ)=S(IJ)*$ECLLM4)
CL I I rN Lr

41'. CC41TINUr_

15 0 CC~i INU
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19 F [-'M A T IX 5H N EQ,1.15, 5X, ltH M 3ANQO 5)
D* ISPLACE-AENT CACULATION
CALL 3.ANSOL(Ipt49ANoNT-QOqR ,SpkORPN)C)
CALL 3ANS-JL(?,t43ANO.N'-QRPPS, NDfNOC)

Wm Fv I (S 6
j 15C 1? ~~N I N--

:'C 777 ,j~jPNN

I F(II .Eg.O) GO TO 776

7 ' ECZ" T I U

77Vi FFF( T)=Ff I)
F F F( 4 A.4 N( N vIF (4+AM 4 (,'Y4*F 5)
FFF(5)=A,4N(N.-2)*F(4)4AMN(N,-5)*F(5)
FFF(6i)=AMNq(N3)*F(4)4AMN(N.6)*F()
1 1F ( 14C . F .1 ) W QIT E(b *9()2 )N,(FF F(I6),E1 v6)

*777 ( C*qT I S V

IF( INC. )W--- I T U 6, ? l)
S* liv'" 35 CAC #LAT ION
00 !')C 4=1 PNEL
C A LL . T QE.ii (M , N Elh.SP)

cc 1776 J=1,5
F(J) =C.

IF(I.~.r' ') TO 1776

1 7 7 C C~iT iUE
(N X( )44 F I1

Y?? (N~I Y N i F(7

P2 FC- 14AI( IX 15p F14 4, 4 X 3E14 .4

-CZ C' C 14 U E
?)C FCtiMAF(lHl I Xo 37 Hr. 0 N T R 0 L I N F 0 R MI A FI

IC N l X#21HNAo3Ef? OF NOOAL i'OINT 29
2(l H= 15 / 1X(PldHNUMBER OF ELEMEV 327

3(1.IH= I j / 1%,IeH144'EF OF
4 ?PT:*FIAL 3?(IH. 1 = 1 15/ LXp32tiNU.
3 OF ELEM;*4T WITH SOGE LOAING 1H(IlH.)1H= IS L/
6,i4H40. OF CUNCENTRATEEQ LUAD 26(lH*) lHz 19 ,

7 1Xor)HNSH4ELL 44(lH.) tH
f Ij I IXv 27 H EQ.* FOR SHELL 44ALYSIS

I 1X,4 2 dH -2 I FCI PLATE ANALYiIS S
/ I X, v F'LAG~

lw 1 Ii 1 X v 7 F7., p 1 1LL 4 I ri21A
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5 tXP?5H EQ.* 2 TSAI-WU V
4 CR ITEr; IA I X 01 OHM Ax
5 INCpJ"EjtEW NJ,. 32(111.) I H= 15 /x
oa. ,L')D fYPF 41(111.) lHZ it I 1K 4.1 0'.. 1
T 21T lxs~rvjr LOAD~ IN X Y Z OIRECTVJ'J / iX 20H
d E . a 2 4ORMAL LOAD IX1 3611 E~. 3 NON,NIF'JRN

CI ST'!I'TEn) LOAC I IX 7_6H EiJ.v 4 CO4CE4TtiAI~f) *
I LO A) I X 16 . )., '5 E-3GE U) )

?O2 tl FGAfiT1A IC!35x.'UI5)
? ~*OFCkl( 3 IX8MT~A O H X 2HE2 BX ?rIPR

t 14X ? -t 1 8X, 2H G2 7X 3HPR? 5X 54WRANG 6X 4HYL)X
2 EX 4HYLlY EX 4HYL05 5X 5HYLOXX 5X 5HYLOVY I x
3 11 tl~umq'q

2. 33 r-C $ T 15 # X , 1 E 1..3)
2'2C FC'M 1( 1~41 34H..."' NOO. THICK SHELL ELEAENT OATA

Ia IX ?HELTCMENT t5X 1211CONNECT!4ITY
/ IX,51 NO. 48H I

3 2 3 4 5
2.CI FCMAT(l~pG~GEN~ATE NUAL DTA to

4IX 34HUUMBER X Y Z ALPHlA BATA
5 t9X1 tt- XIHY 12X I H7

2 C4C FCPMAT(//// IX 22HELEMENT LAYER Km I x
I ~M NO). NO- I,

2 )4S. FCib;4AT(X, 5p5X 3I3,X 12)
C 5 SC f'F OF*i(// IX 39HEL~~EET LAYER MATERI1AL

I THICKIE4SS I X L6bH NO.t G4. )
2-355 FCR*4AT(iXI5,5XI3,?X,Y13,OXF10.4,I5)

0 6 C F C M kT (H! IX 41)1 4I l I) F 0 1S'P LA C E 4
I I S / P IX 40H !) T A T 1 0 N

II X 4:)4 .4 G 0 c X- Y
I 1X 4 CH 7- K- Y IX 40!4

5 40HNUMI3ER TR ANSLATION TRANSLATION TR A Lx
6 40HN SL AT 10 i RT 4T 14 !tfTATI')t4 IX 4041
7 FiJTrAT )I )

Z 7 0 F CPM A I( 1411X 4'H.3NO THICK Sh E LL ELEMENT STRE.SS
I C'4PUTED A TI X PHCEN4TPFJ! // I 1 4HtILtfENT LAYER LOX
7- ~H s I c x xX 14S 49HG-YY S IG-12
3 1I-X f ?lHIG"'Y2 SIU-/X
4 1

2cp FUt14y1fIHI IX 43H INC CL. NO. LAYER YIELD
' SIG X SIG151H SIGKY sl

SI t6H STRAIW/
CALL EXIT
END

SL1LV1N~FLE$NTCI.4.F)

1 ~Y L Y Y (4 )S UM SI f~)' E v 3 p K U UJNT( I C,
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2 I'U"I1~r(lO') )NFAIL(tOO,5 ).,dYIELO(10oC,8 V

CE4M9.N/YlF LD/LL 14T EL.ETP GLT PVTL PVT ToG23P G 63PALI'LPC
CCM4'4!N/H/X(163 ),Y(Iu3)#,Z(153).IQ(1639 5)
CGMN W/IXL (9 ),PyL ()vL( 9 )PV1( 9 ) v 2(9) PV H9).

I JAC( 3P 3) PN(9)PNSC 9,,NT(9) P Ol(9 )v0 2(9 )o 03

CC MI/3/E(4 PPR(4 )'NO( 44 -,)'PMFPE( 3. 44) YH( 44),SE
1( 45 P 45PX (44)P P Y(4 4)v F!C44 )vN LA YER (44),pTHL

2(8P44 ) EZ (4 )PGI(4). L2(4 ),P?2(4 )PWRANGi(4)
3 Pg(S vSj)oH(9)
CO?* SN/ SPNIDOD(200 )PNN3PES V
C[ 4M,3h/G/&4HN (63 6 ),'M( (44.4)

2.'CV( 6,o6)PJE9(6.45) OEt31(6'-45) PFF2(5)
3 ,PU(9)PFXX(9)PFYY(9),FZ2(9) PEESAV( 6p 0)
4o.CrSAV(6,E)POOSAV(6.6) --w

~C MpilN/P/t, SHELL# N9 PNEDGEL oKO'%I AT Y P (Ot,

Z CM)Nh/LOA OGH/LO0

DATA AA/-.57F35021p.5rr735021/ S
REAL tNNS,4TJACvNti12PN,2I

N 45 = N9*5

YL( I )=Y(,'40(4MIt)
2L( I I )=Z(NOO(Hl'l 11)

ICC CcM4rIhuE
115 FCFIAMfF1O.O)

)L(9):C(XL(')4XL(3)4XL(5)4X1(?))/4.t(XLC2)4XL(4)4XL(6)
tL#XL ( 3) ) / ?.

Yi#))z-(Yt. (1.)*TL(3)4YL(5 )4YL( 7))/4.,( ILL )#YL( 4)4YL(6)
14 IL(3 ))/?.
ZL(4)Z-(ZL(1)4ZL(3)4ZL(5)4ZL(7))/4.4ClL(2)4ZL(4 )4ZL(6)

I 1(. ) V/2

GC TI (I.P?.6,hpf)6)LO
I r, N T I N vE

PTX=Px(4ei)

PIZ PZ (14
GC TO 6

- CurINU:

F L~ 1U= -M
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'~CG~fIN!UE U
CC 26 'K=1PN45

F (K) )0.

F!(K )O.
flN 2;j 11',N45S

t)C ?5 L1'P6
JE(KPL )=.
CL(KL )=O.
-'E E( K PL) =0.
N9PLfNLAYEk~(t44)

KH I(1 =T T/2.
00 35C J.=1PNPLY

fiG 400' LL=I.NPLY W"
* NFAIL(mMMLL)=J

!F(INIC.E4.1) GO TO 6001
ShI2=SUMtSTN (MM, IL)

CALL FUYCTUr)D,)( 1).0f)( -:I )POO(Ull)# 000(151 )PYI,NN3. X

GI( 4T )YP
Li2(-T)=YP

* 6c'> CCNT1IvUE
ALI1ANt(MT )*3 14151-?654118().4
Ill= CH(LL# )-ri(LL) ) TT

-L=E(M T)
:T=E ?(MT)

G11r2 (Mf)

IF(VT T -ED. -1 . )VTT=VTL
F( r.T. E~..i . )GiT=E T/,?. *1 VTTy

'2 3=G1 T

IF(lAIC.EQ.t)GU TO 3i?

CALL VIV-I(4' )*
3C2 CCNTINIJE

CALL JIAT(' )

w w



138 IV -w

C4C 52C Il1'E F
OC 5?u J=l ps

DE(fpJ)=DE(lPJ),tQ(1,J)*TT2

4?0CC N LrINU: -

IF(NVIJAiL(M4,LL ).EQ.1.A49).KIiJNTFCMM).EO.2) CALL EXIT

% i 3Z 'W' 1 I f

CE3 A4(" 1,;) 1)

IFf(lS1FLL.4F.O) G-.) TJ 54
AL.L SURVEC(TT)

!C T1. 59
S4 C CN T Ih

OC 5o~ !=INq

56 V'-lI)=TT
5 9 CCNTIIUE

CC 50) =1,
3C 5-1 J=IPJ45

3 ( I j0

CC 2314 KK .l 92

CC 21C JJ~I,?

I I = A A~(J

h1=4( 11)

CALL E44PE(SSP TI PZKPIETJAC)
)G '54C 1= L-
CC 3540 J=!,5

DL( (I r J )= 3E SA 4( 1 v J)

I WIS HFLL.L "%f.0)CALL r-TFAN(EEPDEPOD) -

YULI zw *WJ*WK*OET JAC
P NN = 0.

r.~c C I U
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V I X= vV 1X4 V V W ()

V0%4N=PNN*43V1**CI)

152 CCNTI NUE
JG '5' 1=10N9

I~(ILLAI~J)GJ 71 £61
U 11=0 1(1)
L21=12(1 )
U31=13(I 1

GC TO W1

1 C ONT1 U

S32 =0
37 CONT 1:UE

AMN(Kv1 )=UlI

APN1(K3)=U3I

AMN(KP4)=-Ul?
AMN ( K " 5):: -j ?'

5 Cr2r.TINUJE
ZALL 3.MAT(3'!33)
GI Til(iop1 2.I3j, 1 6s,16 )vLO

12 CrNT INUE
~1X?,NLV) *VV1A X

PIY=0:NLOA)*VVY 7
F 1 =Pi\L 04",* VVSZ
GG Iii 16

13 PTX=PNN*KVlX

PI 1YONN* IV 3Y

16 CrCIN UE

F't(X3 )=NC! )*PTI

F X)( K'.) =N( 1 )*U'12 TT*WK*.PTX*.5

FX(K4 )=4(l )*U?*TT*W.I*PTY*.5 S

F K- =AtI )f2*fTWK*PY**
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3G 61 KVlo1D
10 61 LzlN43

JE.3 ( Ko.L) .

CC b9) M~
EE(KPL )=7-46(KPL )4 EE(KPM )*8(',L)

6; ( PENL )=')3 (K~oL )400(KNMI)*39(M L)
J2 V0 K(.lpA45

11 ?~ L1N45

3G 65 1=1, 6
rKMItU 41413('4*K )*fi3(MvL)

J LM-l= 2# 9 .( M K) OEBZ( M-L)

j L' = DUM 1 a q ( 4p K )*tl ( M)

TO I ALA TO TALP, XM~UL~

2: 4FDEL E CALL LDCAL(FXXPFYY#FZZ#AAPW 7 .

5A 1 5 F ? (I I =

jo 5L I:1,N9

FF2( 3)=FZZ (I )

3c= 511 )JJ -Ii

END
SLgRLtjTINE 54APECSvTPZI~DF TJAC)
CC4MN/HY/XL(q), YL(9) '71(9) 'V (9),42( 9),V3(9 ).
1JAC(3,3)PN(9 )oNS(9).'4T(9)
)ME4 I )N JAC ( 3P3)-
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'EA A ,jA 1
REAL NNSoNT#JAC
I]c I I1=10 e
OLU I 1 S I (I )S

1f(IL~..J~!.~~b)GO TO 13
IF(1.c-g.4. jr-..EQ.i4) G9 TO IT

N(1)CJMl*3UM?*DUM3/4.

NSI)=T([ )I~'UM'2.1?DM)*lIo4

GC TJ 11"

NI J T I(I UM 4/
G1 ~CTO 11

N Sc M ) I . - T 1.-

Eh 15 1 U 4 /23
N S 15 0J:M51. (1

Nc I I T )UI,

C I 'T I NU E

O~T~tCJA(Ll)JAC?,).JC(,I . T(%)JA(

J'.AC( Im, I~ )JC' 3Jr U#~c I~)'A )4C I. 1)T#S *Z* l /"

JAC(2,)(pCl)=JACC(3,3)JAIC*XL 4N(D,3*JACUP1)I

JAiC(?v1): j21JC3JAC(2v2'? *Y()N~ )ZJAC( 3)) -

JA( f 2)jrf321NJ *VACI,

JAC(3p 3=JAC 3p 3)4N( V 3( I 2
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.J I( I,21=-(jAC(Ip?)*JAC(5, 3)-JAC(1 ' )*JAC( 3o2))
I/u, LTJAC

(JAC( lp.JA ( v )-AA P3)J4 (v

JACI(3,.2i=(JAC(1p1)*JAC(3.2)-JA (I,2)*JAC(3,1))
1/OELIJAC
JACI(I1-3)= (JAC(I. ?)*JAC(2,-'3)-JAC(1 '3J'JAC(i P2))-

1/rET IJA C

JACl(3p3)= (JAC(l1.1)*JAC(2,#2)-JA'C(1 ?)*JAC(?,1))
I / O2F TJiAC

CC s J =1 03

iETUPI%

SUdRJUT INL SURAC ( XLPYL, ZLPVI V2,vV3 PrdJCKL)
C 14FI 4 51ON XL (I )VYL(1 )p7LC1 ),941( 1 ),V2( I),V 3( 1) *MPTS(9 --

10,601 vir~f-8,9,2p.9 ,4.5#fivT,6,

DiJ L 1 =1,9
K F I KP T3S( I,1 I
. F.? 'PTS Clv?)

A L = L( K31 )-XL(KP2)
4to 1=YL ( Ki~ ) YL( 9?)
AN!=lL(K~l )-ZL(KP2) ,
A L2 =XL K' 3 )-XL ( 94) 4 )
.41:-fL ( KP3 ) -YL ( P4 )
ANZ= ZLs.KP i )- ZL (KP4 )
A L 3= A 1*AA4 2-AMI 2 fAN I
A1.3 =A12--*AN 1- ALI * All ?
AN3 AL I*Am 2 -AL 2* 4M14 l
7 =S RT AL 3* * 4 AM 3* *74A N 3

'VVI'L3/1
W~=ANq3fZ
V V3= AN 3/1
VV I=, ~V I * T C KL

4v? v?* TH I C Lw

i 41 3* H ICK

1 CC.4rlPUE
RETIURN
E~
510.34OLTIN7 .3AN4SCL(KK~vl' ANOPNCQ'tcAKNDR, NOC)
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NFKAr-o)6 TO 2?10

2C 12-C 4=12p N 9

FIU=AK(N.vL P)J

DJ 17C =2m)

DC LIC K=LPMR

I IC A ItI i i K(I!rJ)CP AK N K)
t 12C AIM(14L)=CP

GC T11 400
, GC ??C N~l ,NRS

%qN1-s

R (N(I PA (%, I~l

*220 9 (1 1fJ)-(Nv L)*CP V

M ,j I
.0INO "AN), NPt4
jo 32C K=:2'MR
L =44 K~

*33 R (N4) =1iCN A' (.N. K)*R(L)
4 C AF[UPN

SBR3UTJ4E q3ANCAL(?4BAN,LMvNPE)
JI M C 10N LM I(

MAX=f,
LIM=NPE*3
DC 10C L1'1#-LI
JF(LI(L).EQ.0) 10 TO 100

I F(Lt4(L).L T.bll N )M!I='4(L)-.

r401F =10AX- I N+l
IFC(N41IV.ur."3AND) AS AND=NOTF

CC 14 it' T? ItNC v %FrL A3 vYLD ) OX 4 ILJ Y -4) PYL O S( 4) v YL OXA'4)
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C-Gm~ThI/Yj Lph/LL, NTPCLPE TPGLTP VTL PVT 1.G23o G1 3P ALIP IPC

C C.4IN /42/ XL (9 )YL (9 ) P L(9)#V I( 9 )vV 2C ) PV3U9)p
i J A C f3 P3,M PN S ( 9 ,N T(P9) )PO )vr

L C -4 M %1/' 2/TT U PU 2 1P 3DPUIPPU 22vU 3 ? P

1( 450.4 ),pPX( 44 ) py('4),PZ( 44).NLA YE F(44 )p T HL
2 ( 8 P4 4) s-E2 (4 G 1(4 )vG2(4 )oPP 2(4 P WRAIG 4)

1:C%40/ SPA 101)00 ),N' 3P E5
0 EN'VINo/G/A M,"( 163 P6 )PPM(44#,4
CGM413N/T%T 11NC?4AX

1M,-- 43134 3 (6#145 )P,1-Mbo45 )vKKK( f)P!?3( 6#45 )#OD8C b45)E P:-1
I0'~p 2 .D4 5)A A A( v S I Ghc6)

S SI ;AGG(PX 1(9 )PY I ( 9)PZI19) PSI(9)PTl( 9) PSTL2

C 6MMON /P/11 SHELL P N9 v N EOGEL P OU T y, KO UN

CC(N. JN/SOL/UC 30 2)

REAL f%,4S,~I1JACPNUI2,'jU21
t445=4G

XL( 11c )X.eD(11iZ l)
XL(ll)=X(N000V4PI1))

4)L()=-(XL(1)4 XL(3)4XL(5)4XLC ?))/".e(XL( ?).XL(4)4XL(6) q 9
Uo XL( )i?-

4YL( ) )/Y()Y()YL54L?)4+V.?#L4#L

IF14'SHELL.NE.0) GO TO 54
CALL SUORVEC (TT)

CE 36C 1!l '1*9

36E V 2( 1)TY
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59 CN T IN UE

!JG 39C I=iNPLY

01' 40E LL=!DNPLY

IF(INC.Eg.1) GO' TO 6)01
3NI2=5USTNC(t4,LL)
X 1=A IS CSN1 2)
CALL F'AC1CT (00( 1 )v0005 ) 00011 P930(15 1 Y I NN3 PXI

G ICHT )= Y?
GZQ4 T) =YP

6MC CONTINUE
A L WA NG(M T)
ALI = ANG( MT*3 .141546 4/18.).

V1T=Pg?(.,4T 'of.
LT=Gi(MT) 

'

I F( GiL T . E:). A T =r EL Il 41V TI)

I F ( T. E4. 1. fi=) T/ 2.1TT

(Ue3=. A t

IF(ICE-i-l) GOt TO D.?
LFC~t
CA LL I -L)(4Ml

312 CCNTINUE S
ZALL QN1AT( Q)
CC 5?C. I=10r-
CC 32G JI l

52C ZCNrINuE

iE( I PJ = .

5 1 A *jJ)
NKa~l
IF(Nr-LS.dE.OJ Nz

T =11.
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IF(KI~.Eo! GO Ta 601
S=SI (NELJi )
Tzli(tNELiP)

601 CO04TINIJL

CALL ShAP&.(Sp .T p K DTJAC)
0Q 5? 1=L P

CN~hLL.~.O GO TI 33

421=132(I )

GC T9 57
5! CGNT I NLU

U12= ,

5? CNrNUE
CALL EMAT(bP33)

52 C ON 1IN oE
CC it K=10,6
"aC 6 1 M=1.N45

61 36( Kp M )ZK *8(I, M
DC S L9=1P-
L1=NJC(,41,L9)
L2=5*(L9-1 )w
CC 3 Ll='.p5
LS.=LZ+L3
C (L5 ) =0.
L4=10CL1.L3)
IF(L4.EI.3 )GD To 3
0 CL5 ):U4)

3 C J.4T N UE
iF(KK.EQ.2) Gil TO0 630
CE 630 K=Il,

64 6C L=1 PN45

L)14:D'Jm#34( K.L)*D(L)

IF(MSriELL, EQ.0 )CALL STRANSCSTL.STN'4Lv e0O)
IF(N SHELL* ~.)GO TO 610
CC FPC I1.6,f

52C irLcfl=3TIl)
61lC C(N(IE
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"C b?5 L~tp,-
ELM= OJtj*H'L- (tK.L)*STL(L)

CALSTFRANS(STPSIGoALPIPI)

Ii~ 6?5 T1G((6 3 3

'33C CC'4T!NUE

Jt r34 K~l P

* CC 64C L=IPN45
CUM OU4~3( K L )* D(L)

NtlShELL. EQ. t CALL STt AS( STL25TNmO., O,0)
I F( NSh ELL. Er . -O To 65 1
00 34' = I o 6

645 i TL ( I)=ST N2(0
*55 1 CON T IN UEr

30 *5 K=1 VE

OC 65 5 L =i 6

5 95 S I 2( K OU iJl

E AA 3 L?(1

5 L4E X( MNLL )=SU?4EX (mel PLL ).EXX

SL4SX? (4, LL )SU1SX204.pLL)4SX2
'USN 1 ?2.*( STL( 2)-STL( I)*SN*CS4STL( 4) *(CS 2-S42 0
S T I )=S T(I

T *.,, (? z S T '?

s If GG( ) =SI G)

SUMSrN(fI9,LL)=SUMSTN4(MMLL)4i)SN12 -.
CC 653i 11
SLAS(MMoLL PI )=SUMSC14LLoI )4STfRCI.

E35 SU4SIG(pMLLP'A)=S.oMSIGCM,4,LL,!)4SJGG(1)
130OC FCRiA ( 15 v I X#6 El5.4)

*163Z FCP4A T( lX I9v6El8.b)
4CC C?4T!%L.E

SETUPN
END3
5W3R1UT'47- LICAL(PiRXPRYPPZoAAWkPM)

CCvq'T//)XX(9)Y2(?)7(9)W1()W2(9)W3(9 )

ClIAENSIfJN XL(9)vYL(9)&H.Or00IN(4.3). XXI(9),XX3
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I( S)o V I()) VY3 (9 ),ZZI(9 )P!Z3(S)p PRX(1)P.PRY S

3 4WY'?v~c9)Vd?(JI NELE ( 3v4)v NFP (9)

0 A TA N17LS> .' )p&,?p 302
api

'ATA NV401^1 /),7plplp,3,pp~

ATA~ NFi1. 3.pS6p9pp7ff4,5/

F2fiX ( 1) =O.
FPFZ( I W

1 2 CO(TI N)=).

CC 10 1=1 v9

XM 13 )=xx? ( 1 )4w I (1 ),5

A )I ( I )yy 2(I)-w (I )5
YV 3(I1 )=YZ? (1)4 2U .*5 -

y v I( I )= ly_'( I )-w ?(1 ).5

to CCNTINUE
3C 17 IN=t,4
PN =R'N ( Mm. IN)
IF( P4.c"J.. )GO TO1 t t.

K3=1

3 XL(Kt )=XXI ( K)
AL(KI'J =xx?(()

YL (KI 1=YYl (K
y I ( 2) =YY,7(K)
YL(I(3)=YY3(K)
Z L(KI I)=ZI (K) 0

ZLK 3( 7 3

K !=,( 34 1
7 C(NT1NUE

CO 14 1=1,9

))I ) =XL(t(

21(l ) =L(K

14. C04T!NUEE5
C ALL SURFA C(XXv YYP ZZ,I1.#V 2pV 3 p .

)L11,9
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PLX( I S.
FLY( 1)=.

GC 3,10 K-= ,
CC 3:)C t1 ? z I

ll=AA(JJ)

W .,J =4W (JJ) a

CALL SHAO?(SSfflpZKp,3 TjA
P LI I I. 'WJ J*W K x 3E T A C

A ,A =A E A~ X MUL 1

C 1 2 V.? IA I

4i:=(1 )/Vs

v433f 11 NT I SW
'11(1; ) 1=1V91~1
PLX( [)=PLXJ* )*P~i(I)XMl

PL3( I )=FL (T)4P* I~3~ 1)*XMUL
311 CCNTINUE

P-X( I C=LX 0. .L( )X41

"LX (IC )0.P

,(:IL4PC!N( I'4J)

lK3=NLE4( 3,J)

23jI PLX(KI )

P X3 =PLX (K3)

PIYZ:PLY(K? )
PRY V3=P L VCK 3)

P 1l1=PLZ(K1 ) -

3F12=PLZ(K?)
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16 C ONI 1 . _
17 Zr'dr!NUE

SWR.I~LT1NE 54A?2CS.eTPiK.ODTJAC)

OATA S!!/-l ~. .1~1..1*~.

CC 'At 1= 0

I F( I.EQ..?. G-F,. I. Z.6) 19 TO 13
IM(.EQ.4.1.EQ) GO 1:1 I7

N (I )=C UM11JM?* DU,3/4.

'3C T9 it
13 CUM~4 I.S* *2

U~ (!I ) = 1) ? * 0U A4 I* * W s

h If I)=TAI( I)*flUM4~/2.

*I C11 -t4=1 .- r**
N, ( I LCtM* #U,5/ 2. * *
N 5( 1 ) --OU45 *S( U T/2.

I1 CC'4T %UZ

oc 15 1 =1 3
10~ 1 5 =l1,3

JAC(I,12)=JAC(L,1)4NS(y)*YXI),NS(I)*7N*V(I)/?.

j ih ,'( I , 7 ) =J ' C (1 I 3 )4%'S( I)LI)N( *K~31 ?

J;,'(2,2)=JAC (?,t 2)NT 1) *YL(I)4Mr(I)*ZiK*V2 1)/

JAC( 3,3)JA(:03,3)4NCI)*v3CI)i?.

JETjA :Jk," lpI )*JACCZ,2)*JAC( o, 3) *JAC(201)
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1aJAC(3#?)*JAC(1.3) *JACU,1JACI)*JArCC?
-jAC I 'S *jA (Ap )*AC 2 P-' JAC

3(1 ;!) ~C( ?,.II*J A C 3 3 -J A'- 3) 1A~a, 3
4 4 4AC ( 1 1

~h r~ =,

C 1 4':_ S 104 Sv

Cli G L" (( 1 s. J )*X

C1N IN AELI'T* .4T)X

CII4 C S12*'S2

C23=El*EL*VTT4ET*4VTTaa)*XK 6

i;e E *(E -ET i TL** Z) X
C .13=Ci2

Q12 =C 12-Cl 3*C23/C3 3
1?=C22-C02 3*C?3/C33
6b=GLr T

U2=QI IQI?24.kQb

'J4=QI '12-2.*a ?2.Q

C 1,t 4 1 *C 54 42. U*Snl2 C S? 2 2S N 4

4(Ig4?)=7I *SN*4 c_.UI*SN3.CS2 ?kS
i (,#4 J-J3*SN3*CS4U4*SN*CtS3
Q(4#4 )= TiJ*SN*CS?4Q65*( SN44CS4)

9(4,.L)=Q(2,P4)a a

9 Op 5 )= (2 3*C32.GI 3*SN2 I .5o /6.
§U6. )U=?3*SN2#GI 3*CS'. *5.I6*
QCC5 6)=( (53vf * S ' )5 6
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SL3?OUT147 SPLINE-(DPSPFPX14,5)

kF[ TE 16,A)
185 FORM A IC///.X ?bID A TA F 1; CUj ILC SFL IN E F IT

-. I jX4 3h NUMS3'p JF SZG~lZNT GI GF

11F i M 1 p ' F l. ,

hi A I (11 5P 5 XP 2 E2 0.f
N1 !4 4

~iJ1TE6,2i)N1
i61 L 1P41(104 THERE ARE'12'7H P(IINTS)

.33 ̂ FCA1 (3711 INPUIT .4 AG. ANO IN TERY AL STARING 41 1
nflhlT.( 6 P 340)

34C FCGMAl(bX.44Ff(!),lfX#6rl3(1))

3PC F C ; 4Ai ( 2FI10 . U
WFIri E( 5PHil) (U I) .X( I)P! ~IPNl)

I~ F E 4 MAT(?2. )

S(I )=X(41X

-10 54C 11IPN

Ld )=SF2-(I )/S)-

J(I )c (?I 

C I =-~( S( /A (I 3

510C C.4 114NUE

C ALL SOLVE -1 PC PD0,NI PSO
E I U FN

EA 0

it.,ROU T IV FUN C t(rSr , ,Xp Y N 9X I y F yP'P F 5)
1C 1 l S1 N1( I*) (t3 Ti] F (IX (

H 2020 1 L o
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Yz Yl * v2 Y3 4 Y4

YZ =0( I # I X -X( . I )-1 *2 ),. S( 

Y = Y 1 YZ Y3jy4 
Y1 =D (I )*(A( I 41 -XI )/3( 1)

YFD= V14Y2
GE T] ?3:0 ,*

? U 2C C GN TIN Jr
Ir ( xI . GT. )f(N4 1) YP=Ell

?36C C E 4 T I
F; ruRN

S"PMROUTINE SOLVE(f3,C.O.N1,94O)
0 1 ME NS 10-1 B( N) )C (N 0 1DDN-)
C C 1?4.j I=lN

J( 14 1 )=B( 1 )*13( 1 * I )4C( 1

C (I# I )=R(I)*C(141 )4()-

124L CCNTINIJE

L 1380 j=LN

13 8C CC N T I NUL

SUSPfUTIME YIELODt14
CMMON/SET2/INCNFLAG.,YLDX(4),YLD(.),YLD(4)YLXX(.)

1,0 YLO YY ( 4),SUMS ( 100 p8 p3 ) PK %'#NTC(I00)v
? VOUN TMOO )oMFL AlL(t OO0,8)PNY IELJ( 100 .3*)

4 *S~sX(100#,2f3
(Ct4'I'3/YLf/LL.4TELPETGLTVTLVTG23,G13.ALIPIPC

16 A ' i~ T off) P3L A /6HY;-IL* 64.F AV-*P1 H I V
NNN=INC-1
SS=YLV"S(MfT)
S I T=YLO S(A T)

-=I - IYLOX (m T)I ./YnX X( MT)

F=1 ItzIIYL JX (M)* YLOYX4T))

F 2" = I( YL 0Y(NTI VLDYY0! T J
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F.33=1 ./(SS*STT)
F 12= ).
S I =SJrS (14,LL* I

S12i=L4SIG(4LL I 
zi IGX SU451 G 4A LLD I

I X f SI f; (MNLL

IF(MFL .Ef..?) GO T Cq 3 3
?'C=(SL/YLOX(4T))**2,(Se/YL)Y(,IT),*2 -IS/Y

6( T9 31e a
309~=~~4?*'F35; 4F11 ll*1*-4F?2?kS2*2

L 4 F3 3 S I Z 2 4 .F I ?S I S'
312 C(AJT INUE

TA 'i 3 LA
IF(PC.LT.1) GO TO 301
I F (it.'i. ) it) TO 3,)

IF(Sl.3T.XXX) kiO TO 305
T( T) 31FJ

3C? IF(SI.LT.YLDX(NT)) Go VTo 305
3C2 EL= I C .

GL T= ICf).
i T L=,

GI 3=1 CO.
rA,-TTWf)
;!C TI 3'),

3 C ~T I C .
G LT =13.

V T Tz3.
G;3=T J').

T A'U* =1.J
3OE 0i0iJ4TY=L
S 01 C C74 INU E

I F ( IP C.EQ . I WN17E 6,5~0 NW 4o

E T t1R

SLSP3UT14zE TNLUAO(9,F'X,PPZ~pMPPh,PU,-NEOGEL)
C14ON/Lfli D/LON Eo, *L A0#NEL.NELPL#pNNP

I PPU(4a)PNSIDE(4)

CCAMINIHI~~ ~ ~~ X(63) S13)pM61P1 33
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CATANS3E,4e,/5 1
da' 10 LPNEI

Vj S (I ) =,". a--
OZ '?.?G L=1 .NLUA'3

AO(%1O.>jIOIJPNV'Ln)4

=1 1)CNOPI J IPN)
I I I220),p-p ??40

4 F L AN

1 CCNT IN'E
~3C ) =1 NEL

QX(4 i2
p I(A 0O
P1 04 )0i.

39,. cCNrINUE

00O 4?C I~tjNELPL
If' K4. Eil..j )rcAll( 5 pt 00 )LeP X(L)PY(L).PPZ(L I 'K~4 *
I F ( K"I. EI.')) GOJ TO 410

* ~ ~~~~ C IC =3xT(,1j )L.XLYLlLV

42C CONTINUE

CC 37( M=IPNEDGEL
REA-l(5,1l')13)LoSlOE~PPMLD
NfliTEC6,oI 95)L.ISI)EPP4L0
NSI)=X.3)E (ISID F)
s~m(LPNSID) zPoqLD

WC CCrNTINJC*
A E ( F N

WI T E ( 6 p t!))")

OC 500 zp14 EL

IF(KN.EQ. I 'All TO 4.50



1.56

i CUNTINUE
4 i Z .

CC 51C 1=1 .NELPL

C~ GT I NU'

I 1C ,C FG9',4A7f1 5,5X,3F1O.4)
FC)'1 FC4AT(b,3-X,3F1C.4P15)

I 0.C FO~RA ( 13P5XF1O.LsPIS
I C4 C FC .~4AT 15 /P e-FO0.4.
1061 F(R94A1 lXPUMIC1NCENTRED LOAAO /il

1 IX~ 2H NOOE 01FECrION LOo / U
'Ix 32HiNUO 37F 4A GN~O I/ )UO

1l7 t F C 104AT( l I X2j DI STP18 U1E3 LIA li/
I. IX 41HELEMENT PX py PZ iKt4
2 Ix 1.)ii NOl 3

13 CPMAT( IX ?H n GE L ) AD I/ Ix
1 4C1' 4EL EA&-'*'T Ii DE L'JAO to w
2 IX 'CI1 NO. mkGNITt;OE
33

1190 F[Af4AT( IX I1HNOPHAL L,449/
I / 1.00HELEMENT PN l
2 1X lx NO,

2 fj F C MA I IX 35I4NOUit?4IVJiQ DISrTI4UTED LOA)
I IX 44RHE1;7MEN1 POESSILRIE INTFNSITY AT
2 LOCAL COUR. / X 4511 NO. t 2 3 4

I C5C FCFM AIH lM X 21HL J A 0 T Y P E 0 A T A

SIFO L TIN&,- JNP.,T(XvCYP?.PNNP)

ZATA 1PNC/lI4F/

44OL) =C

IC 6 . T I N~

ZC02 VCI~4AT(XAl.43I.4Pl5l
IF(NfLD.oF 0 O TO 194
IF(KN.go)) GO TO 50

I L CN NOLD )/K N
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IF(#4UMN.LT.1) GO TO 50

X=(X (N )-X (N-OLD ))XNWI

a0=(Z(N)-?C'dOLO))/XNUM
IN f)i L L

Y(K)=Y(KK)40Y

3C CCNr1NUE
i0 NCLO3N

IF(IT.I4E.IPRC(1))GO TO &n~
IF(KN.EQ.O)GO TO 70
CC 29 J=IvNUMN

29 CENT INUEI
7C CC4TINUE

OLM=Z(NaJL3 )*1RA9
Z (N OL E )Y ( 40 LO )C 0S (.U M )
Y (NIJIC )=Y( NOJ1O S SIN (0 UJ,4)

6 6C NCLOzN
lF(N.N4E.l?4P)GJ TO LO

?'!C FORMAT(////,1X 22HNODAL POINT 14PUT 34TA / x U
1*'.')$ NOO. NOJAL POIINT COORDINATES
2IX 43HN'JgF~f3i x y Z iN/

3)-

SLOROIJTINE I4ID(IO,NNPNEQ)
owMNsiat4 if(163*5)
'4OLD= C' --

W FI T EC(6 ,? 35)
t.5 CONTINUJE

*103 FCP4A T (15

IT(N0LO.)t') o TO(N I 5 11P5),K

IF(J"9CNpI).EQ.O.ANO.IO(NOLOI ).LT.O) 10(14

IF(N.EgJ.) G3 TO 55
NUi~z( NO(L 0 M/N



NL4N=NUM-1
IF(NlJtAN.LT.1 GOJ TO j5
K=NOLD
0C 35 J=lvN~tmm

i35 1=19)
IC(-l 1 )=Ii) CPKpj1

5~NCL3=h
lF(N.N.%'N4dP) ;3 TO 15

:i Ei = 0
CC 6? N1,PNNP
CC 6' 1 t p5

5? NE 0=1E O*1

GC TO 6Z
5e I E 4 v I)

G C 7' (1?

62 CrINTINtiE
?C 34 FGRIA1(///PIX 20HINPUT (0 C.3OES

1 / IX 4OH NODE SOUNDARY CONDIT139 COOES
/ X 4JH4L~rEP x y

3 ALPHIA iArA INa
.?C4C FCR4A i(//l Xp40MGENE-ArAff) 10~ COOFS

L / X 40H NO 0E 39JUNDA9Y CONDITION Cl1OES
I Lk~ 4)HMU;4iER X y Z 4LPHA SAVA

3 /

IC4-f/H/L N( ) r L(NT9) ,L( 9 , It ,LI32(9). V R9) JACp)

JI'4ENSIOIN STItM)TI(8)
REAL NPNSPNTPJAC

DAFA r;/-L.P-i..-i.,O.p..,i. .1.90.
Cc 30 11=1 E
Sr-1( 11)
7 aT ( I I
CC L I 1I I
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OU'21.4 TI(I )*T G)T 3
I F ( I.E9. 2. fl. . Q. 6)OT31
I F ( I. E .4 .OF .I EQ. fi) GO TO 17F

N(I)=CU911)tM2'OUM3/4.
N 5( I )Um DP1*UM 2 +UM?~* DUX 3 -S ICI1)/4 .

-;C. T-1 11
13 CU.4=1 3*

GE T'J It
17 T**2

Nt! )=[Wml*oUm/2.

NiCI)=- T*DU141
11 CCNTINUT

K ~~ XI )

7ET=O.

IAL 20 I=1Ipe

3I X A 14:4S ( I)lC( X L I.

XET=XE1*,NTC(I)*XLC(I)

ZET=Z E r+4T CI)*Z LC(!V
1'C[4TIN'6E
OL=(X)1*,XI.YXI*YX1O*lXI*7XI)**.5
11J(XI/DL
MI=1YX l/OL
41I7X1 /DL
J1(I I 1=L1

U 3C I=N1
JL=(X ET X i TY ET YE T 4Z E IZE T)*5

L2=XEr/UIL .

N2=!tT/D'L

L!=M I N2-142*N I
h3=L?*Nl-N?*L1

V2( 11 )zmi3. TI' ICIC
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30 CF.GMTI N 6E
R~ETURN

SRUT14L TRAN(E,0EPO)

IJ~.( 3v3)o.4(9)PNS(9)oNT(9) - -*.-

I 1r .4 J1 (N r V(5 v6 n ~6 69 (6 D OTE(6v6),nE T E( 6 6)
E ( SE '~6) ETE(SP6)

AEAL NPNS. NTPJAC

Y E1 =

X j A I 4fjS I X)

XEE=XET*NT(T )*XL(l)
Y ET Y 7-T4 NT(I*YL(I)

2C C N T I MU
LL=((X*XX1,4YXIYX14ZXI*ZXI)**.5
L != XX I/aL

Nl1YXI/DL

CL( X E T*XE T YZ TYE T 7E T* ZE T,*5 -

42=1 E T /DL

L3=F41*N2-m2*4

N3=Lt*m?-41*L2 to 'o

L2 43 *L1N-- 3*Ml

N2=L 5F143*LI
CALL IMIAM T.,?.)
JC 10( I=1j-
CE 11)C J=L,6

CC IoC M~l 06
EllA I oJ )=ETE(I .-J ).ECI ''4) ATE(14 #J)

GETE( 1,J)=0T: I'oC1J)4)E IPM A)*!i(14,J)

ICC cU1Ti;s.E
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co ?JC 1=1,6

OEI .1 J )ZO.
E ( I, p i)

ZE(I p J )=E ( J T4 E(M I) E TE( J
C'(1,oj)=(IJ)TE(4T)*TE(.J

* 2CC ZENTINtJE
IFETU IN

SbiR3UTINE STR AN SCTT. Sl GAL PK K',KK)
CC 4 4 0N / H? / (9) v Y (9 ) ,Z (9 v VI (0 Lo V2 9 ) V R

I .'.(33)PN(9)pNS(9)PNT(9)
1176 CCNTJNUE

JWD45SIN T ( 6jS)TT(6)vSIG(6)
S~EAL N,NSP ATPJAC
FLML L1PMI'-N1. ? v M4 N 2, L 3,!43v 4
IF(M-EJ.O)GO TO 2
P1I= 3. 14 159 2654

Li I Cl~ S (8)
M I S T h(3 9
N I.

- SI NO)

N3=1.
GO TiJ 3

2 CCNTIUE

01=0.

DX=JX#WSUl )*j((J )
GV=OY.NSCi )*Y(I )

)L=(OX.D)XOY*OYDZ*OZ)***S
L1=!rXIOL

N 1=;Z IOL

01=0.
CC 7-1) 1=1,6
G)DX#NT(1 )*AC! )

OV--)Y-*4T~l)*Y(
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CL= ( )X*DX4 1 V,)Y40Z*DZ p)**~.5

Li =,) xi OL

L 3 =41 ',N2 -M ?*I,

M ! LtN 114*L t

L 2 =Nf 3 k N 1- 4 3 * M
~4 L L *N3L 3 *1,

N2=L 3.41i-4 3*e..
*3 CCNil% ,E

IF(KKM.Eg.,.) GO TO 5

-C T 0 6
* 3 CGNTINIIE

6 C 1; -4 ,E ,
CALL TMAX(T.CPO)

UI J=1,a
T I( I):TT(I )4T(IJ)*SIG(J) U

*I CCNTINUt-
~El TJ R N

ENO
iU3W)UTI'JE rT4AX(rPCPO)
9PIE4SJON T(G,6)

"6EAL LidL. L5,p41,2,43,*N1,?42,N3

T (I v 4):-- * I M

T(1,5 )=C*.41I*Nl
i (I P~ )=ChNl *Ll

1 (2,2 = 142* a2

T(? P ) C*N;a*a?

T (2, i )=C*14 2*N2 U U

1(3#4 )C*L 3.43

r (3* 6 C*4 3aN *- 3
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T ( 4.4 )=L I* m .L?.141

7(4,.6 )=Nl.L?4NZ*L1

T (5, 1 )=2*L43*0

I( 3 p 3 )=N3* 41 *
T(i,4) =L3.'14L1*m3
I (3'5)=M3*N1.Mi.*N3
T(6m.6 )=N3*LI+Nl*L3

END *

'G!4MON/PK/Kl PK~,K 3iK4pK9

C'N/4?/L(9)YL(9)ZL(9)*V(9)PV2( 9)P3(Q).
IJAC( 3p S) .NC9 )PNz(9) ,NT(9)

F.EAL JACPi4,'i.*4T
Oc 51 J~l1,5

K1=KfVK(1

A !=KKI( 3)

C 1JAC( 3d )*NS(! )4JAC( 1,2)*NT (1)

C(1 =JA ( 3 ,N(14J C392 R

3(2,g()Al 340j~I21TI2

93 1 3 JA C ( I S) *N (I ) *Ul*T T/ 2

.3(Z4pK 2 )=3I

)ON () 3I.Ti P. KA 3l 3) 'NC I)'z

3C4'IK5)=JACC2, 3)*N(1)*UlI.TT,'2.,JAC(l.3)NCI)*,21,TT

.. ... ...
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3 (5 ."2 ) C IU

3(5,K4)=J C(3,3 )*N(1)*U)21*TT,2..JAC(2,3)t4()*U3*TT

3 E ,K4 =JAC( 3* Ti. 2.*,1*TZ.JCl 3*N )L 1

36(3,7K5)=-J1*U22*TT/2.

3(3 4,~) t; IUt321T T/. A 2 *J2 .T2
J E 3p5 1 U 3 ? T T2.~~3*T2

iE( 6,l5)=C *Ul2*TT/2.. Al*U3Z?* I i.

AE T - N

JIMENS(]O' L9(Cd),NE(4')) ,EE(40C)PYCiA 4OO)PNFe)IC )4P(4

C I&E-A1SION XX(i )PYY(1)*NOO(NOEf)

REAL N .

WATA N3Wi//N4/0/

,NEv=1 I

1? FCMATC1X*MESH 'INE ATION FOSfI'A6p/)
giEAO (5ol1) 1NtGP 1N8PPN3N

I FOP4A T (415 )

QEJ.~ AD(5, )( ) I J= IpIN
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3 FOEMA(8V1'.5)

2 REAI(5,'3) NRGP(JT(NRGJ)PJ=1.4i
* . FD9,MkT(51'3)

WFI TF(boi )6
* 36 FOPFAM.HO/i//1X,"GLO8AL COUPOJNATFS"//UpNUjqSER X

1 COJ)C y cJoRD ).

3 !C FRr~4%i c?XvI3,?XF?.2,5Xot.?v5Xdf7.2)

?I FmM'AT(//1X#1T7$CONNECTIVITY D'ATAIXP41HiEGICIN SIDE:
2I 3 4)

?'6 WFI~T;7h.!? lf(JT(1,PJ),J=1#4)

Fr'A(5,4) NJfGNRWSNCQL,(NON(I ),1z2,N9N)
4 FCIF4AT(15!5)

ViI T :6,t1 RG #N OPNC L P 4CN( I )p IPN3N)
I d FCRAT(1WJ,,/IXK,1?H*** SEGI')h olIe.6H ****//1)XvJ~5.4

1 F9Wi4S,1)Xrl, i-p' C-OLU 4Ns//1QX,2I+HrJ4)APY NOWlE N'J4t4ES
2, lOXP115)

i)Q 5 1NB

X : ( Ii =Y? I1

5 YF't; P( pI)
Th:=4P;3wS-t
CETA=Z./TR
Tr N COJL-1

CC I I! I: = Jt'4 OWS

E IA I .Tk * r TA
CCI?Jz 1P?'CDL
rr:J-z

I F .4 9S ; . 0 To 1012

N(4)=Ct.4S I )*(I.-ETA)*(-1O.49.*Csil*S!4ETA*ET4I)/31-

Nce ~ *.4ErA).(l.-SI*SI ).* 1..3.*Sa! ) /3?.

Nc (9 =9 I
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ICI' CC'NTINUE
'9 (1)'~.*Q(.-Sl )*1.-ETA)*( SI*ETA41 e)

N4 (4 3 .50* (1 .S I** I E A)
%-5Z N).?j* (I.4S I)* (.4ETA)* 014ETA- .)

N (E C . 51(1 S1 .2)'1 4 ET A)
\U)= C.25* ( .- SI1 )*(1-4 ETA) *V TA-S1 I-I

1 1cC0N 1, )=OU.I
Y( J) =3.?

Yt(1 ,j)=03

* - I2C( T J)=7C (,jp)4ZFG(K)*N(IM
XC(I,JV=XC T 9J )4 X RG ( 3*N ( K

*12 YC( I J )=YCI PJ )+YfG()*N(K)

C[5) wSl#

14A =6 J1. 5WP
If(NT.).IO.OR..NRTGT.,4figW) GO) TO 5

5'E IffJT(NnTJ).EQ.NRG) WiTS~j

K~ N C13 L

J9I=CO'4P(1 .NkS)
IF(JK.F .- I ) JL=1KS
'WE 44 JzIltK
GiC TO (4ti,46p47p4I81,I

4i 5 AN( NRWS J )=NwR9(NP TNR T SJL
K 2 NF OW.311:G TO3 44

46 Nh(JvNPC3L)=NMR9(3NRT DNRTSPJL)

V~ TO. 1 44
47 NN(l PJ)=NNR4iPTNIRT~JL)

~C ~44

44 LJL4JK
50CClhuE
IF (KNl.GT.ftN2) Go 1.3 1'5
IF (K5l-GT I(S?) G11 TO 105h
CC I f) I =it s. FN~

Oc: 1 J,?)IWKS



167

NE.4 -4 1

GEC TO 10

10 CENrItJE o

NIlClNP 13 ,l )=NN (NR0W 5. )

DC 4 3 1 =p NR0#oS

43 N It 3 hR G 4 p 1 4 N C I I
D~ IS '0 1 1 PN RO WS
DC .?IL J=I.NCUL
IF (NVCo GT .4*NNI .0) Gil TO 210
A EQ =4 1 1J)

Z C CC4INUE
Ic5i CENT INUFf

00 54 I=1.NRCW$7
GC 54 J=,.*iC!JL
IF(NN(I.J).EQ.0) GO TO 54
XEC'O)=XC(1,J)
YE(,()=YC(I PJ) V
ZE(w()=70(1 PJ) -

NE (K )NN( !J)

54 CNT 1NUE

~ i~i 3PNCOL,2
NFCI)=(NiCJL4(N4COL4I)/?)*(1.!/2)4J-2

*iF )NR(l 1)4I

NI 4 400~L 141 4CL4 ?*1 2, 11 U 1/

14(6) NR 5 )1

4 ELN= EL4 1

'44=i 4R(4)

JE=49~ 6)

j C 8)

Le(l)zlA!3SCN'E(J1)-NE(J2))41
L EC) I A a S (NEC J2 -.4 E J~ ) 4 1
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L3(3)=:1A3S(?qE(J6)-NE(J?))41

JG ?17 I'(=lvd
lF(L-3(1K).LE.N3W) Go TO 20?

2C7 CC.NrTNUE

AAC4 F (j2)) =)E( J 4
.( (Mr E ( J 3)) =XF ( J 3)

X X (!CC4'4 )X E( j4

P(4 E( J5 =)XE(J6)

Y'('J(Jh))=YE-(j6)

-f(~ 4 J03 =Y E( j 3
Y' (4E(J4)) =YE-(Jl)
YV Y(EJ5)J2 YE(J5)

YN(%E(J4))zYE(J6) S
yv(.jEAJ7))=Y.E(J?)

y(MEA (4)) =YE(j1)
2d(,lE(J?) ZErj7)

Z Z (14':(j 3) 7? E( 13)
Z?~ ( IN!' J4 )J E( A4
L 14( ~J5~ iE(J5)

114EL,3))=7E(j6)

NC 0( EL, 32) EN E( J
iC3 ( hj EL PA =XNE ( J6 3)

A ~CO(N4EL ,7 t'E(J?)

15 1 CGMTIN 6,-
*16 C(NrINUE

0 C IrOPfAT(215)
CC ?20 1=1 mNEQ V

2 C Il TI' v
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501 FC~t A I(Gf't 0.4)
!J 3C I=IDNEL

23C CCJT!%LE
5CZ 7RNAT0115)

CLOStFIPQ13lP=KEEP)
P E T.,PN

4 .j

me
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